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BBenenne

Pa3paboTka ¥ COBEpILIEHCTBOBAaHUE  TEXHOJOIMUECKHUX  IPOLIECCOB
dbopMon3MEHEHUsT MaTepuanioB Ha 0a3e TEOPETUYECKUX HCCIEAOBAHUN C
UCIIOJIb30BAaHUEM MAaTEMaTHYEeCKUX Mojeneld sBiseTcss 3((EKTHUBHBIM IMyTEM
pa3BUTHA NPOU3BOJACTBA. PacumimpeHHOEe NMPUMEHEHUE MaTEeMaTHUYECKUX MOJenen
OpU aHajgM3€ MPOLECCOB ONpeenseTcss IOJHOTOW ONUCaHMsA Ipolecca U
JIOCTOBEPHOCThIO MH(pOpPMAallMd O HEM, HCIOJb3YEMOHl B KayeCTBE HCXOJHBIX
naHHbIX. [[ns 3TOro HEOOXOAMMO UCIOJB30BAaHUE COBPEMEHHBIX METOJIUK
00paOOTKH [aHHBIX, ONTHUMH3AINH XapaKTEPUCTHK MATEPHAIOB U U3JCIHN, a
TaK)Ke MapaMeTpOB TEXHOJIOTUU U 000pYyI0BaHUSI.

MonenupoBaHie TPOIECCOB TO3BOJSET MPOBECTH  aHAIW3 TOTO, Kak
YCTPOEH HCCIEAYEMbId OOBEKT, OCHOBHBIE €r0 CBOWCTBA, 3aKOHBI pa3BUTHUSA
npouecca M ONPEeAETUTh ONTUMAbHBIE CHOCOOBI YNPABICHHUS MPOLECCOM IPH
3aJJaHHBIX LEJSX U KPUTEPUAX €T0 HCIIOTHEHUS.

Teopust nmpeenbHOTO COCTOSIHUSL MU T€OPUsl XPYHKUX TPEIIMH COCTABIISIOT
OCHOBY COBPEMEHHOW MEXaHWKH pa3pylIeHusl. DTO MaTeMaTHUYECKH 3aBEPIICHHBIC
TEOpUHM, Ha OCHOBE KOTOpPBHIX OBUIO pEIIEHO MHOro MpodsieM OO0JBIIOTO
IPAKTUYECKOr0 3HAUYEHHUs. OTH TEOPUM [JAlOT HJCANIU3HMPOBAHHOE OIMCAHUE
CBOMCTB BSI3KOTO M XPYIIKOTO pa3pylieHus (MIaCTUYHOCTH U XPYIIKOCTH ), KOTOPbIE
B Pa3HOW Mepe MPUCYIIN BCEM TBEPIBIM TEJIaM.

[Tpu neiicTBUM BHEIIHMX CHUJI MaTe€pHall KOHCTPYKIIMH MOKET HaXOJUTHCS B
pa3IMYHBIX MEXaHMYECKUX COCTOSIHHSX. [Ipy HEBBICOKMX YPOBHSIX HaNpsDKEHUH
MaTepuai npeObIBaeT B YIIPYroM cOCTOSTHUM. [Ipy 3HaUMTENbHBIX HANPSHKEHUSX B
MaTepuaine 0OHapyKHMBAIOTCS 3aMETHBIE OCTaTOYHbIE NedOopMaIlii, OH MEePEXOAUT
B TUIACTUYECKOE COCTOSTHUE. 3aTeM, MU JajJbHEHIIeM yYBEITUYSeHUH BHEUTHUX CHII,
IPOUCXOAUT 00pa30BaHUE MECTHBIX TPEIUH, U HACTYIAET €ro pa3pyleHHe.

MexaHn4eckoe COCTOSIHHE MaTepralia B TOUKE 3aBUCUT B TIEPBYIO OYepelb

OT HAIIPsSKCHHOI'O COCTOSHHA B meii. C OCJIbIO  OIIPCACIICHHUA IIPOYHOCTHU
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MAaTE€pUAJIOB BBOJAMTCS TOHATHE NPEACIBHOE HANPSLKEHHOE cocTosAHue. Jlms
IUIACTUYHOTO MaTepuaja TMpenelbHbIM OOBIUHO CUYHUTACTCSA, HANpsSIKEHHOE
COCTOSIHUE, KOTOPO€ COOTBETCTBYET BO3HUKHOBEHUIO 3aMETHBIX OCTAaTOYHBIX
nedopMaruii, a A XpPyOKOTO - TaKoe, MPU KOTOPOM HAUYMHAETCS pa3pylleHHE
MaTepuaa.

Teopus npenenbHbIX COCTOSHUN CBA3aHA C U3YYCHUEM CBOMCTB MaTepuala.
OnHa ycTaHaBJIMBAET 3aBUCUMOCTb MEXIY IPEAEIOM TEKYYECTH U HANPSHKEHUSMU,
BO3HUKAIOIIMMHU B METaJUIE, MPU €ro IUIacTUYeCKOoW nedopmanuu. ITy TEOPHUIO
MOXHO pacCMaTpuBaTh Kak IMpEAEIbHbIE CIly4al COOTBETCTBYIOLIMX TEOPUU
WJICAJIbHOM YIIPYTOIUIACTUYECKOM CpEnNbl, B YPaBHEHHUAX KOTOPBIX OIyCKAOTCS

YJICHBI C YIIPYTOil KOMIOHEHTOU JehopMaIiii.



1 OCHOBHBIE TIOHATHUSA U OITPEAEJIEHUSA

I{anee pacCMOTpUM OCHOBHBIC IIOHATHA MW OIPCACIICHHUA, KaCArOIIHUCCs

MAaTCMaTUICCKOTO MOJACIUPOBAHMA IIPCACIIbHBIX COCTOSIHUI TBCPAOIro Teja.

1.1 IlousATHA MaTepPUAIbHON TOYKH, A0COJHOTHO TBEP/AOT0 TeJIa, CIIOIIHOM
cpeasbl
Boigenum B Tene HEKOTOPHIM HEOrPAHMUYEHHBIM 00bEM IMpoCcTpaHCcTBA — A,
COCTOSIUMK W3 3HAYUTENbHOTO 4ucia dactun - C. Beimemum B o0beme
IIPOCTPAHCTBA OCCKOHEYHO Mayblii 00beM OV HajeleHHBIH OCCKOHEYHO Majou

maccoit dm. Dtot 00beM HasbiBaeTCs gpusuueckoit uacmuyei (cM. puc.1.1.).

Z | C Z

dv

Y. Z dx. A
a) 0)

Pucynok 1.1 — Cxema HeorpaHMuye€HHOro OObeMa MpOCTpaHCTBa (a) U

BBIJIeJICHHOM MaTepuanbHoi Touku C (0).

DTOT OCECKOHEUYHO Majblii 00BeM MaTepUalbHOM TOYKH, JOCTATOUYHO
OOJIBIION, YTOOBI B HEM MOKHO OBIJIO BBIJICIIUTH MPSMOYTOIBHBIN ITapajuIeIeTUuIIe/T

co ctoporamu dX, dy, dz.



beckoHeyHO Manplii Mapaiienenumnesl, pa3Mepbl KOTOPOro OECKOHEYHO
Majibl MO CPaBHEHUIO C pa3MepaMu paccMaTpuBacMod (PU3MUECKONW YaCTHIIbI
Ha3bIBACTCS MAMEPUATILHOU MOYKOIL.

Ecnu B cOCTOSIHMM NOKOS WJIM PAaBHOBECHsI CBOWCTBA TAHHOW MaTE€pUaJIbHOU
TOYKHM COBIIAJAlOT CO CBOMCTBAMHU BBIIEJIECHHOIO 00beMa MpocTpaHcTBa A U
cBoiicTBaMu (u3myeckoil gactuipl dV, TO Takoe TENO HA3bIBACTCS AOCOJIIOMHO
meepovbimM 0OHOPOOHBIM MEIOM.

Monens peanbHOro n1epopMHpyeEMOro Tena, KOTOpas COXpaHsSeT OCHOBHBIE
€ro CBOMCTBA, KpOME aTOMApHOrO0 CTPOECHHUSA, MHUKPO U MaKpOCTPYKTYpHI

HA3bIBACTCS CHAOUIHOU CPEOO.

1.2 I'mnoTe3bl CILIOLIHOCTH, OAHOPOAHOCTH U U30TPONUH AePOPMUPYEMOTO
Marepuaja

T'unomesa cnaownocmu 3aKJIOYACTCS B CIEAYIOLIEM - CIUIOLIHAs Cpeaa
COCTOMT W3 HEPA3PBIBHOM CHCTEMBI MATEPUAIBHBIX TOYEK, 3aIlOJHAIOIIAX
HEKOTOpPbIH 00bEM TMPOCTPAHCTBA, CBA3AHHBIX CHUJIAMH B3aUMOJIECHCTBUS WU
MMOJJYMHEHHBIX TEOMETPUUECKUM CBA3SM.

T'unome3za 00HOPOOHOCMU TOBOPUT, YTO BCE BBOAUMBIEC BEIWYUHBI M
MOHSTHUS MPEACTABIISAIOTCA KaK CpeHUE ISl BCETO BBIJICIIEHHOTO 00bema, a cama
CILIOIIHAS Cpeaa MPEACTABISAETCS OAHOPOIHON CIUIOMIHON CPEOM.

Marepuan Ha3bIBaC€TCs U30MPORHBIM, €CIU €r0 CBOMCTBA OJWHAKOBBI BO
BCEX HAIPABJICHUAX, €CIIA K€ CBOMCTBA Marepuaia 3aBUCIT OT HaIpaBJICHUA
WCTBITaHUA, TO TAKOM MATEPHUAJl Ha3bIBACTCS AHUZOMOPHHBIM.

Hanpumep: Mexannueckrne CBOMCTBA MEJIKO3EPHUCTBIX U3JEIUN, HECMOTPS
Ha AaHU30TPOIHMI0 CBOMCTB B OTAEIBHBIX 3€pHAX, MPUMEPHO OJWMHAKOBBI B
pPa3IMUHBIX HAMNpPABJICHUAX (CTAaTUYECKU YCPEIHEHBI), MO3TOMY TaKHE Tela
HA3bIBAIOTCS  Keazuuzomponuvimu. Ha OCHOBaHMM 3TOTO0O B HMHXEHEPHOU
MEXAHUKE TBEPJOro TeJla U MaTEMAaTHYECKOM MOJCIUPOBAHUU MPEICIIbHBIX
COCTOSIHUH TBEpOTO Teja, (MpH PEIIeHNH TEXHOJOTHYECKUX 3a7a4) MPUHUMACTCS

JIONYIIIEHUE, KOTOPbIe HA3bIBACTCS TUIOTE30M 00 M30Tpomnuu aedopMupyeMoro
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marepuana: - «Martepuan Ha JIO0OM YpPOBHE pa3Mepa dJJIEeMEHTapHOro o0beMa

00J1a1aeT H30TPOITHBIMU MEXaHUIECKIUMH CBOKCTBAMI /27777

1.3 IlonsiTHE CUJIbI, BHEIIIHHE W BHYTPEHHUE CHJIbI, HATIPSIZKEHH e

Cuna BenmnunHa BekTOpHas. Cuia CYMTAETCS TMOJHOCTHIO OIPENEIICHHOM,
€CJIY 3aJIaH €€ MOJAYJIb U COOTBETCTBYIOIINM €l BEKTOP. CHUIIbI SABJISIOTCS MEPUIIOM
MEXaHUYECKOTO B3aUMOJECUCTBUA Tei. ECIM KOHCTPYKLHS paccMaTpUBaeTCs
M30JIMPOBAHO OT OKPYKAIOIIUX TEJ, TO JECHCTBHUE IMOCIASIHUX HAa HEe 3aMEHSICTCS
CUJIaMU, KOTOPbIC HA3bIBAIOTCS 6HEUIHUMU.

[To cnocoOy mpuIOKEHHS BHEIIHUE CUJIBI JENATCS Ha OOBEMHbIE U
MTOBEPXHOCTHBIE.

OobvemHble cubl pacpeieNieHbl 0 BceMy 00beMY paccMaTpUBaeMoOro Teja
U TPWIOKEHBl K KaxaoW ero dactuiie. K HUM OTHOCATCS COOCTBEHHBIM Bec
COOPY’KE€HUS, MArHUTHOE MPUTSHKEHUE WU CUJIbI UHepuu. Equauieid nusMepeHus
00BEMHBIX CHJI ABIISIETCS CHUJIa, OTHECEHHAs K eTuHMIe 00bema — KH/MP,

Ilosepxnocmmuole cunbl IPUIOKEHBI K ydacTkam moepxHoctu (Pi...Pn, cMm.
puc.1.2a) u  ABISIOTCS  PE3YyJbTaTOM  HEMOCPEJICTBEHHOTO  KOHTAKTHOIO
B3aMMOJICHCTBUSL PACCMATPUBAEMOI0 OOBEKTa C OKpYXKaIIUMHU TelaMu. B
3aBUCHUMOCTH OT COOTHOIIEHHUS IUIONIAAN TPHIIOKEHUS Harpy3ku H  oOIei
IJIONIAM  TOBEPXHOCTH pacCcMaTpUBAEMOro Teja, TIOBEPXHOCTHBIC  CHIIbI

moApasaCA0OTCA Ha COCPCAOTOUYCHHBIC U paCIIPCACIICHHBIC.



WA
(B)  (B)

Pucynok 1.2 — Cxema pacnipeneneHus BHEIIHUX U BHYTPEHHUX CHUIL.

B3aumoperictBue MEXKIY YacTsAMU paccMaTpuBaeMoro TeJa
XapaKkTepU3yeTcs BHYTPEHHUMHU CcUJaMU. BenuuuHbl BHYTPEHHUX  CHII
OIpENENAIOTCA C MPUMEHEHHEM MeTofa cedeHuil. Eciu pacceub Teno MHUMOMN
TUIOCKOCTBIO (A, cM. puc.1.20), TO CHIIBI peakiuu OTOPOIICHHOW YacTH, KOTOPhIC
yIEPKMBAIOT B PAaBHOBECHM KaXIyH0 YacTb B OTACJIBHOCTH, Ha3bIBAIOT
enympennumu cunamu (Pa, cMm. puc.1.20).

BenuunHa BHyTpeHHEH CHIIbI, OTHECEHHAs K €IUHUIIE IIOIIA N, Ha3bIBACTCA
UHMEHCUBHOCMBIO 6HYMPEHHUX CUJI UL HANPAICECHUEM.

Ecan IIomanakKa IIPUIOKCHUA BHYTPCHHHX CHWJI Malla II0 CPaBHCHHIO C

Pa3HOCTSAMHM TeNa, TO PACIpEACNICHHYI0 Harpy3ky  MOKHO 3aMEHUTh CHUCTEMOMU

CHII, €M CTaTMYECKH HDKBHMBAJICHTHOM — TJIaBHBIM BCKTOPOM  CHJIBI P

(COCpeI[OTO‘-IeHHaH CI/IJ'Ia) " I'’'IaBHBIM MOMCHTOM M , 4TO 3aIIMIICTCA CICAYIOIINM

cooTHomicHueM (npunyun Cen-Benana)
P= J]a x dF
AF

_ - , (1.1)
M :J.J.(rxq)xdF



rae I — paanyc-BeKTOpP, IPUBEICHHBIA U3 LIEHTPA MPUBEACHUS CUJ Ha IUIONIAJKE
AF no Texymei cuisl (.
Ipunyun nanpaxcenusn Kowu. PaccMOTpuM NPOU3BOJIBHYIO TOUKy M Ha

TUTOCKOCTH CEYCHHS U MalTyto Tuiomaaky AF okoio s3Toi Touku (cM. puc.1.3).

Pucynok 1.3 — Cxema ns1 paccMoTpenus npunnuna Kommu.

Ilonoxxenue Iomaaku OIpCACICTCA CAMHUYHBIM BCKTOPOM HOpMAJIA n.

CwJibl, JEHCTBYIOIIUE HA IUIOMIAAKE, 3aMEHHUM IJIABHBEIM BEKTOPOM CHJBI — P u

riaBHbIM MoMenToM — M (mpunnun Cen-Benana). Eci mnomanke AF — 0, 1o

jm AP _ P 5~ (1.2)
FOAF  dF

rae S, - BEeKTOp HAPSIKEHHS
m AM _dM _ & (1.3)
0 AF T dF

rae M - BeKTOp MOMEHTa HaIPSKEHUH.
Nupgekc N roBOpUT O TOM, 4YTO oOpueHTamms I1omanku AF 3amaercs

€IMHUYHBIM BEKTOPOM HOpMamu .
Yepes Touky M nedopmupyeMoro Teina MOXKHO MPOBECTH OECKOHEUHOE

MHOJKECTBO CE€YEHUMH. B KaXaoM TakOM CEYEHHUM JEHUCTBYET CBOW BEKTOD

HanpspkeHust  S.  CrenoBarenbHO, BHYTPH Tella JICUCTBYeT OECKOHEYHOE



MHOKECTBO HAIIPSDKEHUM C PAa3jJW4YHBIMU HamnpasjeHusMHU. lTorma, B Touke M

CYILECTBYET BEKTOpHAs (QYHKIIHS S or BEKTOPHOI'0 apryMEHTa n.
S=B(r,n), (1.4)

rae S - BEKTOp HampsbKEHHUsS B cpejie sIBIseTcsl (PYHKIMEH TOYKU U OpUEHTAIUH
TJIOIIA/IKY;

T - paanyc-BeKTOp TOUKH;

n.- opT HopMasu N K miomaske.

HarmnpsixeHHoe cOCTOSIHME B TOYKE CUMTAETCS M3BECTHBIM, €CIM H3BECTHO
HaIpsHbKeHUE Ha 000U TUIoMIAKe, TPOXOASIIEH Yepe3 TaHHYI0 TOUKY — HPUHUUN
Hanpsacenua Kowu.

1.4.le¢popmanuu, Buabl AedpopManui

Jegopmayua — cMelieHUE YaCTEW WM MATEPUATBHBIX YaCTHI] Tela, MPH
KOTOPOM H3MEHSIETCS B3aUMHBIE PACCTOSIHUA MEXKIy HUMH, HO HE HapyIlIAeTCs
HEMPEPHIBHOCTH CAMOI0 TEJIa.

KonuyectBeHHo naedopmMaiiviio MOXKHO OIICHUTh dYepe3 aOCOJIOTHYIO
nedhopmaliiio Wik Yepe3 OTHOCUTENbHYIO JehOopMaIuio.

Abconromnuan depopmanus paBHa:

AL = Ly — L, (1.5)
rjae Ly — KoHeuHblid pa3mep Tena;
L, — Ha4anpHBIN pa3mep Tena.

Omuocumenvuyrw oOegopmayuro MOXHO  OINPEACIUTh OJHUM U3

CIEAYIOIINX CIIOCOOOB.

Ilo nokazamenro Kowu:

o L, —-L, _ AL (1.6)
LO L()
Ilo nokazamenio I'enku
L
o=In—2 1.7
3 (1.7)

MOHO Tak>Ke BBIJICTUTD CIEAYIONIE BUABI TepopMariuii.
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Koneunasa oegpopmayusa — nepopmanus Tena B IEJIOM, T.€. MEPEMEIICHUS
TOYEK TeJa, XapaKTepU3yeMOe MOJHBIM BEKTOPOM MEPEMEIIECHHUS.

Maunvte dechpopmayuu (M Maiibie STamHble AeGopManuu &) — nedhopMaru
MaTEepUaNTbHBIX  YACTHIl, TJE MaTepuagbHas YacTUIlA  MPSIMOYTOJIbHBIN
napajuieJienunel ¢ OSCKOHEYHO MaibiMu cTopoHam OX, dy u dz (cm. puc.l.1)
napajieIbHIMA KOOPAMHATHBIM OcsiM. Jleopmarinsa Ha3bIBaeTCsl Majou, €Ciu ee
KBaJpaTaMy U IPOU3BEICHUSIMH MOKHO MTPEHEOPEUb.

OtHocuTenbHass  AedopManusi  Tela  MOXKET  XapaKTepU30BaThCA
YIUIMHCHUSIMU ~ JIMHEHHBIX JJIEMEHTOB (£) W WX TIOBOPOTOM OTHOCHUTEIHHO
HAYaJILHOTO IOJIOKCHHS ().

MOXXHO TOBOPUTH O CIEAYIONIMX BHUJAX OTHOCHUTEIbHBIX JIMHEWHBIX
nepopmanmii. Eciu  npu  gedopmanum  JqimHAa  pedOpa  3IEMEHTApHOIO
napajuiesienunea yBeInInuBaeTcs, To AepopMalius MOJ0KUTEIbHA U Ha3bIBACTCS
OMHOCUMENbHBIM  YOJIUHEeHUeM, €CIM  yYMEHbIlaerca, To Jedopmarus
OTpHUIIATEeNbHAS, HA3BIBACTCS OMHOCUMENbHOU yKopouenuem. OO003HAYAIOTCS
takue nedopmarmu OykBou & (&x, &y, €). HaspBaroTCs OHU - omHoOcCumenbHOI
JIUHEUHOU Oehopmanyueil.

OmmnocumenbHnple cO6U2U XapaKTEPU3YIOTCA YIJIOM IMOBOPOTAa JIMHEMHOTO
AJIEMEHTa, OTHOCUTEIILHOTO CBOETO HAYAJILHOTO MOJIOXKEHUs. B pesynbrare 31oro
NEpPBOHAYAILHO  MPSMOYTOJBHBIA  TapajulelieluIe]]  MpeBpamiaercs B
KOCOYToJibHBINA. O003HAYAOTCS CABUTH OYKBOH ¥ (Pxy, Pyz, P2x). IlepBbIii HHACKC B
0003HAYECHUHU CABUTA OMpEIEsIeT HadyalbHOE MOJIOKEHHE JTHMHEWHOTO JIJIEMEHTa,
BTOPOM — B CTOPOHY KAaKOM KOOPAMHATHOM OCH IPOM30LIEN MOBOPOT. BTOpoe

Ha3BaHHWE OTHOCHUTEIBLHOTO CABUTA — OMHOCUMEIbHAA Y2/106a: 0edhopmauus.

2. MATEMATHYECKOE MOJAEJINPOBAHUE
SKCHEPUMEHTAJIbHBIX KPUBBIX MPEJEJBHBIX COCTOSIHUM
TBEPJAOI'O TEJIA
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OCHOBHBIMM  MEXAHMYECKMMHU  CBOICTBAMHU  SIBIIFOTCS  MPOYHOCTb,
YIOPYIOCTh, BSI3KOCTb, TBEPAOCTh. 3HAs MEXAHWYECKHE CBOMICTBA, KOHCTPYKTOP
O00OOCHOBAaHHO BBIOMpPAET COOTBETCTBYIOIIMN MaTepuan, O00ecleynBaIOLIMil
HAJICKHOCTh M JOJITOBEYHOCTh KOHCTPYKLIHMW IPU KX MHUHUMAIBHOW Macce.
MexaHnnyeckue CBOMCTBA ONPENEISIIOT MOBEACHUE MaTepuaia npu aegopmanuu 1

pa3pylIeHUH OT ACHCTBUS BHEIIHUX HArpy30K.

2.1. lmarpaMmma pacTtsizkeHUusl MaTepHuaJia

B 3aBucuMocTH OT YCIIOBHM HAarpyK€HHsI MEXAHMYECKHE CBOWCTBA MOTYT
ONPENEIATHCS IIPU:

- CTaTMYECKOM HArpykKeHHM — Harpy3ka Ha oOpasel] BO3pacTaeT MEIJICHHO U
IIJIABHO.

- TMHAMUYECKOM Harpy>K€HUU — Harpy3ka BO3pacTaeT ¢ OOJbIION CKOPOCTHIO,
UMEET yIapHbIi XapakTep.

- TOBTOPHO, INEPEMEHHOM WIM LHUKIMYECKUM HArpy)KE€HWH — Harpy3ka B
IIPOLIECCE MCIBITAHUS MHOIOKPAaTHO H3MEHSETCA [0 BEJIWYMHE WU IO
BEJINYMHE U HAPABJICHUIO.

JUis TONy4eHHsI COIMOCTABUMBIX pEe3yJlbTaTOB 00pa3libl M METOJUKa
MPOBEJAECHUS MEXaHWYECKUX wucnbiTaHuid pernaMmeHtrpoBanbl ['OCTamu. Ilpu
CTaTUYECKOM HcnbITaHuK Ha pactspkenue: 'OCT 1497 nonyyaroT xapakTepUCTHKA
IIPOYHOCTH U IUIACTUYHOCTH.

IlIpounocms — cnocOOHOCTh MaTepHalia CONMPOTUBIATHCA AedopManusIM U
pa3pyLIEHUIO.

IInacTu4HOCTHL — CIIOCOOHOCTh MaTepuaia K MJIacTU4YecKor nedopmaiuy,
T.. CIIOCOOHOCTh TOJIy4aTh OCTATOYHOE H3MEHeHHe (GopMmbl U pasmMepoB 0e3
HapyILIEHUs CIJIOMIHOCTH.

MexaHu4ecKkrue UCIBITAHMS ISl ONPEAEIICHHS] XapaKTePUCTUK ITPOYHOCTH U
IJJACTUYHOCTU MPOBOJATCS HA CIEHHAIBHBIX MAlIMHAX, KOTOPBIE 3aIMCHIBAIOT
JIAarpaMMy PacTsKEHUsI, BBIPAKAOIYIO0 3aBUCUMOCTD JIEUCTBYIOIIEN HArpy3ku P

ot ymmuHenus oOpasua Al, t.e. P = f(Al) (em. puc. 2.1). Ho nmns nmonydenus
12



JaHHBIX II0 MCXaHHYCCKHUM CBOMCTBaM 9Ty 3aBUCHMOCTb IICPCCTPANBAOT B

3aBUCUMOCTD HAIIPSIKCHUA 6 OT OTHOCUTCIIbHOI'O YAJIMHCHUSA Al.

SR B ) 3} F &
!
- | k Ay ; b /f:j—
o S I ¢
{1
¢ d /| /
b . ! | /
a - L o . / -
! Pl 1A I" i
» & s £ |
Q‘g Q'.:‘ Qf / | ]f
in® |
a ;Q" | ;I .
L F ] ] | al, mu Y al, mm
a) = al ocm _ﬁl‘l'fl_ 0)
. al nOIH s o j IPO_;

Pucynok 2.1 — Jluarpamma pacTsK€HUS: a — OOMMM BHJA;, 6 — y4acTOK

JarpamMMbl PacTsXKEHUS, ONPEACTISIONTNI YCIOBHBIN MPeaen TeKyYeCTH.
2.2 XapaKkTepUCTUKHU JUATPAMMBbI HANPSIKEH U

[Ipoananu3upyem mIpoIecchl, KOTOPbIE MPOUCXOIAT B Marepuaie obpasia
IIpU YBEJIMYCHUN Harpy3ku. YuacTok «0a» Ha quarpaMmMme COOTBETCTBYET YIPYrou
nedopmar  Matrepuana, kKorma coOmromaercss 3akoH ['yka. Hampspkenue,
COOTBETCTBYIOIIIEE YIPYrod MpeaenbHON Jaedopmaliud B TOYKE @, Ha3bIBAETCS
npeoenom nponopUUOHATLHOCHIU.

[Mpenen mponopruoHANTbHOCTH (Gy,) — MaKCHMajbHOE HAmpsDKEHHE, J10
KOTOPOTO COXpaHsieTcsl JIMHEWHas 3aBUCUMOCTb MeEXAy JAepopMauuer u

HarnpspKeHHeM. PaccunTarh €ro MOXKHO CIIEIYIOMKUM 00pa3oMm:

P
__m

Oy = , (2.1)
I:0
rae P,, — cuia, COOTBETCTBYIOIIAS MOMEHTY OKOHYAHUSA COXPAHEHUs JIMHEWHOU
3aBUCUMOCTH MEXAY eopMalireii u HarpsHKeHUEM;
Fo — HawaypHAas 110 Ih OOpa3Iia.

[Ipu HanpspkeHUSIX BBIIIE Tpeaesia MPONOPIUOHAIBHOCTH MPOUCXOAUT

paBHOMepHasi TiactTuyeckas aedopmanus (yUIMHEHUE WU CY)KEHUE CEUCHUS).
13



[Ipu 5TOM KaXAOMYy HANpPSDKEHUIO COOTBETCTBYET OCTATOYHOE Y/UIMHEHUE,
KOTOpPO€ TIOJlydyaeM TMPOBEACHUEM U3 COOTBETCTBYIOIIEH TOYKU JAMATrPAMMBbI
pacTsDKCHUS JIMHUU TapajuIebHOW JIMHUU «0a», Harpumep u3 Touku «C» (cMm.
puc. 2.16.

Tak kak mpaKkTUYECKH HEBO3MOXKHO YCTAaHOBUTh TOUYKY IIepexoja B
HEYNPYroe COCTOSHWE, TO YCTAHABIMBAIOT YCAOGHbLIL npedes ynpyzocmu —
MaKCHMaJbHOE HAaMpsKEHHE, 10 KOTOpOro oOpasell MOJy4aeT TONbKO YIPYTYIO
nedopMmaruio. B 3ToM cilydae CUMTArOT HaMpsDKEHHE, TPU KOTOPOM OCTAaTOYHAsS
nedopmarius ouens mana (0,005...0,05%).

B 0003HaueHN#M yCIOBHOTO Tpejesia yNpyrocTH YKa3bIBae€TCs 3HAUYCHHE

ocratounoit nepopmanuu (0,05). PaccunuTarh ero MOXXHO CISIYIOIIUM 00pa3oM:

P
0,05
Oy = : (2.2)
FO
rae Popos — CHIa, COOTBETCTBYIOIIass MOMEHTY, IIPH KOTOPOM OCTaTOYHAs

nedopmanus ouens mana (0,005...0,05%).

Ilpeden mekyyecmu — XapakTepuszyeT COIPOTHUBJICHHE MaTepuaia
HEOOJBITUM  TUIACTHYECKUM  AedopManusM. B 3aBUCHMOCTH OT TIPHPOIBI
MaTepHuaia UCTONb3YIOT (PU3UUECKUN UITH YCIOBHBIN MPEEN TEKYUYECTH.

Dusuueckun npeden mexyuecmu (0,) — 3T0 HANPHKEHUE, MPU KOTOPOM
MPOUCXONUT YyBENWUYCHHE nedopMaliii NpU TOCTOSHHOW HAarpyske (HaTudue
TOPU30HTAILHON IIOMIANKKU «cO»Ha auarpamMme pactsokeHus, cM. puc.2.1.a). On

HUCIIOJB3YCTCA AJIA OUYCHD INIACTUYHBIX MaTCpHUaJIOB.

P
o, =, (2.3)
FO
rne P, — cwWila, COOTBETCTBYIOIIass MOMEHTY, IPH KOTOPOM MPOUCXOIHUT

yBeJIn4YeHue eopMaliii Ipy MOCTOSHHOW HarpyskKe.
Ho ocHoBHast 4acTh METaJJIOB U CIUIABOB HE MMEET TIIOMIAIKH TeKy4JecTH. B
OTOM CJIy4ae OIpPENENsAeTCs YCIOBHBIM IpENeNl TEKy4eCTU. YcioeHwlii npeoden
mekyuecmu (0o2)— 9TO HANpPsHKEHHE BBI3BIBAIOIIEE OCTATOYHYIO JehOpMaIinio
0=0,2%.
14



c,,=—2, (2.4)

rie Po — cuiia, BeI3bIBAOIAs OCTATOUHYIO Aeopmariuio 6=0,2%.

@uU3NYECKU WM YCJIOBHBIM IIpEleN TEKYy4eCTH SBJISETCS BaKHOU
pacyeTHOM XapaKTEpUCTUKaMH MaTepuraia. J(elCTBYOmKe B ACTAIN HANPSIKECHUS
JIOJKHBI OBITh BBILIE IAHHOTO Mpeesia TEKYYECTH.

PaBHOMepHas mo BceMy 00beMy IiacTU4Has AeopMalis MpoaosDKaeTCs
70 3Ha4YeHMs Ipenena MpoyHocTU. B Touke «B» B Haubomee cimaboM Mecte
HayMHAET 00Pa30BBIBATHCS IIEHKA — CHIIBHOE MECTHOE YTOMJICHHE 00paslia.

Ilpeoen npounocmu (6,)— HaNpPsHKEHUE, COOTBETCTBYIOIIEE MAaKCUMAIbHOW
Harpys3ke, KOTOPYIO BBIJEpKMBaeT oOpasel] [0 pa3pylieHus (BpEeMEHHOE

CONPOTHUBJIEHUE PA3PHIBY).

o = FS : (2.5)

rae Poo — cuiia, B MOMEHT Havasia 00pa30BbIBATHCS IICHKH.

OOpazoBaHue MIEHKH XapaKTEPHO JJIA IMJIACTUYHBIX MATEPHUATIOB, KOTOpHIE
MMEIOT JuarpaMMy pacTshKeHus ¢ MakcumyMoM. llpemen  mpouHocTH
XapaKTepU3yeT MPOYHOCTh KaK CONPOTUBIICHUS 3HAYUTEIIBHOW pPaBHOMEPHOU
macTuyHoOM nedopManmu. 3a TOUKOM «B», BCIEICTBUE pPa3BUTUS IICHKH,
Harpyska naaet u B Touke «K» MpOUCXOIUT pa3pyllIeHuE.

Hcmunnoe conpomueénenue paspyuwienur) — 3TO MaKCUMAaJIbHOE
HaMNpsHKEHUE, KOTOPOE BBIACPKMBACT MAaTEpUall B MOMEHT, MNPEAIIECTBYIOLINNA

paspyiicauio obpasma (puc. 2.2). Ero MOXKHO ONpeaenuTh IO CIEIyHIeH

bopmyie:

o, =—, (2.6)

rne P, — cuia, COOTBETCTBYIOIIAsi MOMEHTY pa3pylIeHus 00pasia;

F. — KoHeuyHas TIoaAs MOMEePEYHOro ceueHus oopasua.

15
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T

Pucynok 2.2 — JIluarpamMMbl HanpspkeHUI: 1 — yCIOBHBIX HaNpsDKEHUM; 2 —
VCTUHHBIX HAIIPSKEHUM.

HcTuHHOE COMPOTHUBIICHHE pPa3pyLICHUIO 3HAYUTEIBHO OOJblIe Mpeaena
IIPOYHOCTH, TaK KaK OHO ONPENEIAETCS OTHOCUTEIBHO KOHEYHOW IUIOIIAIN
IIONIEPEYHOro cedeHus: oOpasua. Mcmunnsvle nanpasicenus os ONPEACISAIOT Kak
OTHOILLIEHWE HArpy3Kd K IUIOIIAJAM IONEPEYHOrO CEYEHUs B JAHHBIA MOMEHT

BPEMEHU.

o, =K (2.7)

rae Px— cuiia, COOTBETCTBYIOIAS TEKYIIIEMY MOMEHTY BPEMEHHU;
Fx — mmonianb, COOTBETCTBYIOIIAS TEKYIIEMY MOMEHTY BPEMCHH.

[Ipy wucneiTaHUM HAa PACTHKEHUE OMPENENSIOTCS W XapaKTePUCTUKH
MJIACTUYHOCTU. ODTO CBOMCTBO TBEPABIX TEJI UCHOIB3YIOT TpU 00paboTKe
MaTepHayioB JaBJIeHUEM. XapaKTePUCTUKHU TJIACTUIHOCTH !

e omnocumenvhoe yonunenus (0):

I IO AIocm
x100% = 0 x100%, (2.8)

0 0

K

5:

rae lo u |, — HauanpHAs ¥ KOHEYHas JUIMHA 00pas3iia.
Alyern — abconmoTHOE yUTMHEHHE O0Opasiia, ompeaessieTess U3MepeHueM obOpasiia

IOCJIC pa3phIBa.
16



e omnocumenvhoe cyxcenue (y):
W:@xlOO%, (2.9)

0
rine Fo — HavanbHas 1IoLa1b MONEPEYHOI0 CEUECHHUS
F. — momaaps nonepevyHoro ceueHus B MIEHKE MOCIE pa3phiBa.
OTHOcUTENbHOE CY)XEHHE O0O0Je€ TOYHO XapaKTepU3yeT IUIACTUYHOCTh U
CIIy’)KUT TEXHOJIOTUYECKON XapaKTEPUCTUKON pu (GOPMOU3ZMEHEHUH TBEPBIX TEIL.
[Inactuynble Matepuanbl Oojiee HAJCKHBI B paboTe, T.K. AN HHUX MEHBIIE

BEPOSITHOCTh OMACHOTO XPYIKOTO pa3pyIleHUs.

2.3 Uneanu3anusi MeXaHMYeCKHUX CBOICTB AedopMupyeMoii cpebl.

JIist  3amucu  ypaBHEHMM  COCTOSIHUSI HEOOXOJIMMO  HWACaIU3UPOBATH
MEXaHUYEeCKHEe CBOMCTBA JAehOpPMUPYEMOM Cpeibl, TAKUM 00pa3oM, YTOOBI YUECTh
XapakTEepHbICE W TJIaBHBIE CTOPOHBI IMOBEJAECHHS TBEPAOTO Tela B IMPOLECCE

nedopmanum.

2.3.1. Hoeanvno — ynpyzas cpeoa.
Takyto cpeny MaTeMaTHUYECKU MOXKHO OMUCATh BHIPAKCHUEM:
o, = E xg, (2.10)

ri€ Oy — COINPOTHUBICHHE METa/la IUIACTUYECKOMY Je(OPMHUPOBAHUIO TIpU
JUHEHHOM HaNPSHKEHHOM COCTOSIHHH;
E — Monynb ynpyroctu nieporo poza (mMoayib FOHra);
& — OTHOCHUTEIIbHAS TUHEHHas nedopmarius.

Ota cpena (cM. puc 2.3) XxapakTepu3yeTcs JMHEHHON 3aBUCUMOCTBIO MEXKTY
ox U &. llpu 3TOM mporecc aedopManuu SBISIETCS OOPATUMBIM, JTUCCHUITAIIHS
DHEPTUH, T.€. MPEBPAIICHUEC MEXaHUYECKOW pabOThl B TEIIOBYIO DHEPTUIO U €€

paccerBaHue, HE MPOUCXOAUT. CBSI3b MEXIY Ox U & — NOJUYMHEHA 3aKoHY [ yka.

17



Pucynok 2.3 — UneansHo — ynpyras cpena (cpena ['yka).

2.3.2. Hoeanvhas scecmko — nnacmudeckas cpeoa.

Jliis Tako# cpeqpl B HauaIbHBIA MOMEHT OTCYTCTBYET yrpyTas nehopMaiiusi.
Martepuan Benér cels1, Kak aOCOJTIOTHO TBEPIOE HE CXKMUMAEMOE TEJo JI0 TeX IOp,
MOKa HANpsDKCHUS HE TOCTUTHYT 3HAYCHHUS (PU3HMUECKOTo Ipesesia TEKyUeCTH (Gm)

(cMm. puc.2.4) . YpaBHEHHE KECTKO — TUIACTUICCKOU CPEJIbI:

Ox = O, (2.11)

Ex

Pucynok 2.4 — MneanbHas *eCcTKO — IIaCTUYECKas cpeaa

CrnenoBaTenbHO, MOXKHO CKa3aTh, YTO COMPOTHUBIICHUE TeJla TIACTUYECKOMY
nehOopMUPOBAHHUIO (0y) HE 3aBHCHT OT JAchopMaIii. ITO BO3MOXKHO MPU OOJIBIITUX
racTudeckux  aedopmanmsx, Korma ynpyrumMu — aedopManusiMu — MOMXKHO

npeHeopeyb.

2.3.3 Hoeanvhasn ynpyzo — naacmuueckas cpeod.
VYpaBHEHHE, ONHCHIBAIONINE HICATBHYIO YIPYro — IUTACTHYCECKYIO Cpeny,

MOXET OBITh MPEICTABICHO B CIICAYIOIIEM BUJIC:

ox = Exeyt oy (2.12)

18



B stom ciryuae TBepoe Teno (MaTepua) AepOpMHPYETCS HEOOPaTUMO TPH
HEKOTOPOM HEM3MEHHOM 3HAYCHMU HANpsHKEHUS 6x pPaBHOM (U3HUYECKOMY
npeneny tekydectu (o). Ilmactmyeckoit nedopManuu mpenniecTBYeT ympyras
nedopmanus (Mo 3aKOHY HIEaTBHO — YNPYroil cpersl). I'padudecku moseneHne
TaKOW cpeapl TpeAcTaBieHO Ha pucyHke 2.5. IIpu pa3BHUTHIX IUIACTHYECKUX
neGopManusix B ITOM ClIydyae MOXHO TpeHeOpeub YIPYrod COCTaBISIOLICH
nedopManuu A7 METAUIOB, KOTOPbIE HMEIOT SIPKO BBIPAKEHHYIO IUIOMIAKY

TCKYUYCCTH.

o

ey b — — —

m gx

Pucynok 2.5 — U neanbHas ynpyro — rmiacTadeckas cpeaa

2.3.4. Hecorcumaemas ynpounsaiowas cpeoa.

HeobOpatumbie nedopmaiii HACTYMarOT, TOJBKO B TOT MOMEHT, KOraa
WHTCHCHUBHOCTh HOPMAJIbHBIX HANPSOKCHHUH (67) WM MaKCHMalIbHbIC KacaTelbHbIC
HAMPSHKCHUS (Tmax) AOCTHTHET 3HAUCHHS (PU3UYECKOTO Tpejesa TeKydecTH (CM.
puc. 2.6). Jlns pazsutus aedopmandd HEOOXOAMMO, 4YTOOBI HAMNpPsHKEHUS B
mporecce  aepopManud  MOCTOSHHO — YBEJIMYHMBAIOCh.  YPaBHEHHE IS
HECKUMAEMOM YIIPOUHSIOMICHCS CPE/Ibl BBITJISIAUT CIEAYIOIIMM 00pa3oMm:

Oy = 0, t3xXE1 Xg,, (213)
1 oo

rie E =—x 8—X - MOZYJIb HEJIMHEHHOTO YIIPOUHEHHUS;
&g

X

;1 o, .
E =—x—* - MOJynb IMHEHHOrO yIPOYHEHMUSI.
&
X

3aBUCHUMOCTh 3TOTO HampsbkeHus (ypaBHeHue 2.13) ot creneHu

I[e(l)OpMaL[I/II/I Ha3bIBACTCs YCIIOBUCM YIIPOYHCHMHA. B uactHOM ciy4dac, JId
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JMHENHO YIPOUHSIOIIEHcs cpeapl (cM. puc.2.6), B ypaBHeHue 2.13 BMecto E1 Hano

noacTapaTh E1 (Momyib TMHEHHOTO yIIpOYHEHHS).

81:

Pucynok 2.6 — Hecxumaemass ynpoussiomas cpena: 1 — HemuHEHO

YIPOYHSIOIIAsACS cpefia, 2 — JIMHEWHO YIPOUHSIOIAsACcs cpea

2.3.5. Hoeanvno-ea3kas cpeoa.
B nannowm ciydae Teno nedopmupyercs npu Jro00M 3HAUCHUH HAIPSKEHUS
(cm. puc.2.7). Hedopmanuss HeoOpaTuma, HE CONPOBOKAACTCS H3MEHEHHUEM

00béMa. YpaBHEHHE, ONHMCHIBAIOIIIEE TAKYIO0 CPEY:

o =u xe,  (2.14)

rae ' - ko3P UIUEHT BA3KOCTH CPEIbI;

&, - CKOpPOCTb Ae(opMarui.

o,

0 &

Pucynok 2.7 — neanbHo-BA3Kas cpena.

JlnarpamMma HA€aIbHO-BSA3KOW CpEIbl, B OTJIMYME OT BCEX NPEAbIAYIIHX,

CTPOUTCS B KOOPJMHATAX HATPSOKEHUE (6x), CKOPOCTh NeopMalvi &, .
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2.4 YpaBHeHHUS H Pe0JIOTHYeCKHEe MO/ CJI0KHBIX Cpes
CBoiicTBa  CIIOXKHBIX  Cpel  HM300pa)kaeTcsi  MHOTOAJIEMEHTHBIMU
pPEOJIOTMYECKUMHU  MOJEISIMH, KOTOPBIE COCTOSAT M3 IPOCTBIX JJIEMEHTOB,
U300pakaroMMxX TE€ WM HHbIE CBOWMCTBA CpeJ MpPU TMOMOIIM TMPOCTEHIINX
MEXaHUYECKUX aHAJIOTOB.

2.4.1. Hoeanvno — ynpyzas cpeoa (cpeoa I'yka).

Pucynok 2.8 — UneansHo-ympyras cpena (cpena ['yka).

NneansHO — ynpyras cpefa u300paxaercsi B BUAE MPYKUHBI (CM. puc. 2.8),
KOTOpasi 001a1aeT OlpeieIeHHbIM MOTyJIeM pacTskeHus K.

[Ipy npuiiokeHUH HArpy3KH MpYKHMHA U3MEHSIET JJIMHY Ha BEIUYUHY Oy,
MPOMOPIMOHANIBHYIO BETMUMHE NeUCTBUS ycunus P:

5, =K xP,......... (2.15)

rae Ki=1/E — ko3 puirieHT nponopuroHaibHOCTH;
Oy — OTHOCUTEJIbHOE YJYIMHEHUE
OTHOCHUTENbHYIO JIMHEHHYI0 AedopMalvio JaHHOW MPYKUHBI MOXKHO

ONPEACTUTD TaK:

IJie &y — OTHOCUTEJIbHAS IMHEHas nedopmans;

Gy — HaIIPSKEHUE TIPU JIMHEMHOM PACTSKEHNH.
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2.4.2. Cpeoa, obnaoarowasn eazkumu ceoiicmeamu (cpeoa Horomona).
Cpena, obnamaromiasi BS3KUMH cBolicTBamu (cpeaa HeroToHa) nzo0pakaercs
B BHjae cocyaa (puc 2.9), 3amoIHEHHOTO BS3KOH JKUIKOCTBIO, B KOTOPOH

nepeMemacTCa MMOpUICHb.

BO3MYX
i i
KHIKOCTB
B
Pucynok 2.9 — Cpema, oOnagarommas BS3KMMH CBOWCTBaMu (cpena

HrroToHa).

XKungkocTe BBITEKACT Uepe3 3a30p MEXAY HWIUHAPOM W TIOPITHEM
VYpaBHeHue AJid OMpeNeIeHUs] CKOPOCTH IMEpPEMEIEHUsT TOPIITHS, OTHOCHUTEIBHO
UJIMHAPA MOXKHO 3aIKCaTh TaK:

0o,

K, xP,,oint. (2.17)
rie K, = 3, KOA((PHUIIMEHT MPOTOPIIMOHATBHOCTH.
Y7
VYpaBuenue 2.17 MOXKHO 3anucaTh U B TAKOM BHJIE:
-1
&y =0, iunnnn (2.18)
Y7
g.x - CKOPOCTh JiehopMaIiiu;
Nnu cnepyronum o6pazoMm:
0 1
A (2.19)
ot 3u
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®opmyibl 2.17, 2.18 u 2.19, ABIAOTCS MaTEMaTUYECKUMHU aHAJIOTAMU.

2.4.3. ¥Ynpyzo — eazkan cpeda (cpedoa Maxceenna).
Ecnu coenHUTh ynpyruil u BSI3KUH 3JIeMeHT nocienoareiabHo (M. puc. 2.10),
TO W3MEHEHHS pPacCTOSHUS & MEXAY TOYKaMU IHPUIIOKEHUs cuil P MOXHO
OIIpENENUTH MO (hopMyJIe:
O=0y+0B,eece.... (2.20)
rie Oy — yJUIMHEHNE TIPY>KHUHBI,

Op — MepeMeIIeHUE TOPITHS OTHOCUTEIBHO IMIJIUHIPA.

Pucynox 2.10 — Ympyro — Bs3kast cpena (cpeaa MakcBena).

[Tonmyyennoe ypaBuenue 2.20 npoauddepeHpyem 1no BpeMeHu:
ds ds, , 99,
dt dt dt

B ypaBuenue 2.21 BMecTO dy MOJICTABUM €r0 3HaYeHUe U3 ypaBHeHus 2.15, a

BMECTO dtg MIOJICTaBHM €r0 3HaYeHue U3 ypaBHeHus 2.17, moayyum:

dP
9 kDK P (2.22)
dt dt

[lepenuiiem u BeIpa3uM ypaBHeHUE 2.22 CIEeIyIOIIM 00pa3oM:

d5_dg_dpy_d5_P:

dt dt'dt  dt’
1 1
KlzKy:E;KZZKB:_/
y7i

Torma nonydnm ypaBHeHue Tena Makcsesia i yIpyro — BA3KOUW Cpebl:
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de 1ldo 1

- = 4 ;

d Ed u

JlanHast yopyro- Bsi3Kas cpela, CBOMCTBEHHAs CMOJIMCTBIM MaTepHaiaMm,
KOTOpBIE IMPOSIBIIIIOT MTHOBEHHYIO yIPyroctb. OHaKo, NpH HEOOJBIIMX

HAMPSHKCHUSAX OHHU JePOPMHUPYIOTCS (TEKYT) MOJTOOHO BSI3KUM JKHIKOCTSIM.

2.4.4. Teépoo — ea3kan cpeda (cpeoa Kenveuna - Doitema).

CoenuHuM ynpyruii M BSI3KMH SJIEMEHT IMapajiebHO MOJYYHM TBEPAO —
Bs3Kyr0 cpeny (cpema KempBuna - @oiirra). OHa UCHOIB3YeTCS JUIS WU3YYCHHUS
3aTyXaHUs BOJH B 3¢MHOM Kope (cM. puc. 2.11). Dta Mojens ynpyroro marepuana
C STYEHCTON CTPYKTYPOIl, HAIIOJTHEHHOTO BSI3KOM KUJKOCTHIO (MMPOOKa, pe3ruHa).

OnpenennM CyMMapHyIO CHIIY, ACHCTBYIOIIYI0 B 3TOM ciydae (CM. pHC
2.11):

P=Py+ Pp (2.24)

[loacTaBuB ux 3Ha4eHUs U3 ypaBHeHu# 2.15 u 2.17, nonyuum:

S
P=—y+ixd53 (2.25)
Kl KZ dt
P
| 11
| ! ! |

K, K, || |

P

Pucynok 2.11 - Teépno — Bsa3kas cpena (cpena KenbBuna - doiirra)
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[lepenuiem ypaBuenue 2.25, packpbiB ko duunents! Ki, K2 u Boipazus P

U 0 4epe3 o, & NOIyUUM:
oc=Exe+u xz—f (2.26)

JlanHO€ ypaBHEHUE Ha3bIBaeTCa ypaBHeHUEM Tena KenbBruna — Doiirra.
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2.5. AInpoKcUMAaNUs IKCIIePUMEHTAJBHBIX KPUBBIX

ANNpoKcUMaIus — 3TO TPOIECC Moadopa IKCIEPUMEHTATBHBIX (DYHKITUI
f(X) mns ycraHOBICHHS M3 ONbITa (PKCIIEpUMEHTa) QYHKITMOHATIBHOW 3aBUCIMOCTH
y = f(x)/

®ynkius f(X), 3To onTUMaNIbHOE YpaBHEHUE, KOTOPOE HAMITYUIIHNM 00pa3oM

OIMMCBIBACT IMMOBCACHUC NCCIICAYyCMOT' O 00BEKTA.

2.5.1. Tunvt annpoxcumayuit OAGHHBIX .
ANnpoKkcuMaiusi MOKeT ObITh:
- JIMHEWHad,
- norapudpMHuyuecKas;
- NOJMHOMHAJIbHAS,
- CTEIICHHAs,
- AKCIOHEHILHAJIbHAS;
- nuHehHas QUIbTpamus u T.1.
B snekrponHsix Tabmmmax EXcel wcmonmb3yercs mecTh pa3iHyHBIX BHIIOB
JTMHUAN TpeHaa (anmpoKCUMUPYIOIINUX KPUBBIX):

Jluneitnas anmpokcumarus (puc.2.12a) — 910 npsaMasi JUHUS, HAWTYYIIHM

o0pa3oM onuchiBaroIias HAOOp NaHHBIX. Y pPaBHEHUE MPSMOM:
y =axx+bh, (2.27)

I7I€ @ — TAHT€HC YIJIa HAKJIOHa,

b — Touka nmepeceueHus mMpsiMoii ¢ ochio Y.

Jlorapudmuueckas anmpokcumanus (puc.2.120) XOpoIio OMHUChIBACT Kak
MOJIOKUTENIbHBIE, TaK W OTPUIIATENIbHBIE BEIMYMHBI, KOTOpPbIE BHadayie OBICTPO
pacTyT wid YyOBIBalOT, a 3aT€M IIOCTENEHHO CTaOWIM3UPYIOTCA. YpaBHEHHE
JTAHHOW KPUBOM:

y =cxIn(xX)+b,  (2.28)

r7e a u b — KOHCTaHTHI.
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Pucynok 2.12 — Koudurypaiuss BUIOB JUHHA TpeHIA B DIEKTPOHHBIX
tabnumax Excel: a - nunelinas; O - norapudmuyeckas; B - MOJIMHOMHAIbHAS, T -

CTCIICHHAs, I - OKCIIOHCHIIHUAJIbHAsA, € - JIMHEHHAs (I)I/IJILTpaIII/IH.

[TonmuHOMUaNbHas anmpokcumanus (puc.2.12B) UCHOAB3YeTCs IS BEJINYHH,
MONEPEMEHHO BO3pacTaronux U yObiBaronux. CTeneHb MOJMHOMA OMpeAeseTcs
KOJIMYECTBOM  JKCTPEeMyMOB (MakCHMaJlbHble W MHHHMMAJbHBIC 3HAUCHUS).
[lomvHOM BTOpPOM CTENEHU OIMCHIBAET OJWH MAaKCUMyM W OJMH MHUHUMYM,
MTOJIMHOM TPETEN CTENEHHU OMUCHIBAET OJAWH WM JIBAa MAKCUMYyMa WM MUHUMYMa U
T.. YpaBHEHHUE JAHHOW KPUBOW:

Y = a+cixXit cinnxXeiit..., (2.29)

Crenennas anmpokcumaius (puc.2.12B) gaeT Xopolnue pe3yabTaThl, €Clid
3aBUCUMOCTb,  KOTOpast  COAEPKHUTCS B  OKCIEPUMEHTAIBHBIX  JIAHHBIX,
XapakTepu3yeTcsi TIOCTOSHHOM CKOPOCTBIO pocTa (HampuMep YCKOpPEHHE
aBTomoOuisi). Ecnu ecTh HylieBble WM OTpPHUIATEIbHBIC 3HAYCHUS, TO JaHHAs

aImpOKCUMaNus HE UCIIOJb3YETCs. Y paBHEHUE JTaHHOW KPUBOM:

y=axx",  (2.30)
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OKCIOHEHITMANIbHAS  anmnpokcumanus (puc.2.12r) mnpuMeHseTcss B TOM
cilly4yae, KOrjJa CKOpOCTb HM3MEHEHHs JAaHHBIX HENnpepbIBHO Bo3pactaeT. Jlms
JaHHBIX HUMEIOUIMX HYJEBbIE WM OTPULATENBHBIE 3HAYEHUS 3TOT CHOCO0
anIpOKCHUMAalMU HE IPUMEHUM. Y PaBHEHHE TAHHOW KPUBOM:

y =axe®™  (2.31)
JIluneliHasgs QUIbTpalMs WIM CKOJIB3SILEE CPEAHEE IO3BOJSET CIIAAMThH

KoJIEOaHH JaHHBIX U Ooiee HarJiIIHO IIOKAa3aThb XapaKTCP 3aBUCUMOCTH.

2.5.2 Annpokcumayus Kpugvix ynpouHeHus.

JIis onucaHuss MPUOJMKCHHBIX 3aBHCHMOCTCH YUYUTBHIBAIOIIMX BIIMSHUC
YIIPOYHCHHUS, MCIIOJB3YIOT PA3JIMYHBIC THUIIBI ANMPOKCUMHUPYIOIIMX KPUBBIX. B
KayecTBE NPSIMOM, XapaKTepH3YIOIIeH HW3MEHCHHWE 65 B 3aBHCHMOCTH OT &,
NPUHUMAIOT KacaTebHYIO, IPOBEICHHYI0 KpPHUBOH YIPOYHCHHS B TOYKE
COOTBETCTBYIOIIEH OKOHYAHHIO 3Talla yUIMHCHHUS U Havajia 00pa30BaHUS MICHKH.

PeanpHble guarpamMmbl  Ae(OPMHUPOBAHUS B ICNIIX WX  YIPOIICHUS
CXEMAaTU3UPYIOT U OIMHUCHIBAIOT C TIOMOIIBIO aHaTUTHYECKUX (popmyn. Onucanue
auarpaMmbl - 1eOPMUPOBAHUS ~ CTEIICHHOW  3aBHCHMOCTBIO  CTPOHUTCS B
KoopauMHaTax oi — &. Hambonee wacrto auarpammy oi = f(&i) anmpoxcuMupyroT
eauHoON KpuBoW. Hambosiee 9acTo B 3TOM Cilyyae HCHOJIB3YETCS CHeEeneHHAsA
3asucumocms bronvgpunzepa, xotopast umeet BU:

ci = Axg*,  (2.32)
rne A — KOHCTaHTa, UMEIOIAast Pa3MEPHOCTh HAMPSKCHHS,
K — mokasaresb cTereHu.

JIns OOJIBIIIMHCTBA MAaTEPHUAOB IMOKa3aTeidb CTENeHH K H3MEHseTcs B
cienyromux mpenenax: 0<k<l. Ilpm k=1 (cm. puc. 2.130) ypaBHeHue 2.32
npeacraBiaser 3akoH ['yka (4=E), a npu k=0 (cm. puc. 2.13B) — 3aKkoH
KECTKOILUTACTHUECKOTo Tena (A=6r). DTO 03HAYAET, YTO U3 PEUICHHUs HaHJISHHOTO
JUIS KOHCTPYKIIMM HW3 Marepuajia C MpPOM3BOJIBHBIM 3HaYeHHEM K, MOXHO
ABTOMATHUYECKH IOJydUTh (CIeTaB OMNpEACICHHBIC MOJCTAHOBKU) pEIICHUE IS

JIMHEUHO-YIIPYTOMN U )KECTKOIIACTUYECKOW KOHCTPYKIIMH.
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O;4 O;i O;i
g O"=A><£'k
A=0,
I
o_k
l O'i=AX£i=EXSi
a) y = 0) 8) »
B gik 5 &; &; &;

Pucynox 2.13 — Crenennoit 3akoH brombgunrepa: a - 0<k<l; 6 — k=1 u
A=E; B - k=0 u A=07.

[Mpu mnmactuueckoir medopManuu MokazaTenb creneHn K>1, moirydaem
nuarpaMMmy (cM. puc. 2.13a), koTopas NpUOTUKEHHO OIKCHIBAET KPHUBYIO
ynpouHeHusl. BBujy cBoedl IPOCTOTHI M XOPOIIETO COOTBETCTBUSI OIBITHBIM
JAHHBIM JJISI IIMPOKOTO Kpyra MaTepuajoB CTENEHHAs 3aBUCHUMOCTb SBIISIETCS
HamOoJiee MpUEeMIIEMOM  JJIi  OMHCAHWS  HEJIMHEWHOro  (IJIaCTUYECKOrO)
nehopMUpPOBAHHUSL.

B mensx pacmmpenus auana3oHa JENCTBHUS CTENEHHOIO 3aKOHA €ro
NPUMEHSIIOT HMHOTJa B KOMOWMHMPOBAHHOM BHJE, HCIOJIB3YS KOMOWHAIIUIO
JIMHEMHOMW U CTENEHHOUW 3aBUCHUMOCTEN:

oi = Aixeixdoxe®,  (2.33)

WNuorna nomaratot, uyto k=2 (3asucumocmo ®.U. I'epcmmuepa). Ileppyro
KOHCTaHTy B ypaBHeHuu 2.33 ompenensitor u3 ycinoBus Ai1=E, Takum oOpazoMm
4TOOBI TPU MaJbIX nedopmarusax u3 ypasHeHus 2.33 nomyuancs 3akoH ['yka. Jlns
OINpEENeHUs] BTOPOM KOHCTAHThI A2 HEOOXOAMMO MMETh COBMAJEHUE MPENENOB
MIPOYHOCTHU SKCIIEPUMEHTAIBHON U alllIPOKCUMUPYIOLIEH KPUBBIX.

Jlpoono-nuneitnan (runepbosivueckas) 3aBUCHMOCTh ObLTa MpeJIoKeHa
C.I1. Tumoruenko / ???? / (puc. 2.14a):

o= (234)
a+be,
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rae a u b — smmupuueckue Kod(HHUIUCHTHI.

G;i 0; 4
&i
O~~~ _/7_ - a
Gs =1/b
d 1go=E,
a) 0)

Pucynok 2.14 — JIpoOHO-/IMHENHAs 3aBUCUMOCTb: @ — B OCSIX 6i-&i ; O — B
ocsix &iloi- &i.
JIns  ompenencHus TeOMETPUYECKOro cMbiciaa KoddduiuentoB a u b
TUIEPOOINIECKYIO 3aBUCUMOCTD 2.34 cTposT B ocsx (&ilai) — & (cMm. puc 2.140).
N3 naHHOM 3aBUCUMOCTH OIPEIEIISAIOT:
a=1/Eo
b=1/os,
rne Eo — HavanbHBINM MOTYJb, COOTBETCTBYIOIINI OECKOHEYHO Majioi nedopmaruu
(MOZyJIb yIPYTOCTH);
6s — TpelelbHOe 3HAUCHUE HampspKeHUs (Tpelnen TEeKydeCcTH o1 WM Tpeaet
HPOYHOCTH GB).
B 1960 rony B.B. COKOJIOBCKMI MNPEIJIOKUI CICIYIOUIYI0 3aBUCHUMOCTH
1?7?71

o =24 (235)

1+ ()’

rjae S u t — ko PUIMeHTHI, onpeeseMbIe IO OMBITHON AUarpaMmme.
DU3NYECKNN CMBICI ONBITHBIX HAPaMETPOB 3TOU KPUBOM:
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s=Eo
t=as/Eo,
Eo — HaYanbHBIA MOIYJIb, COOTBETCTBYIONIMI OECKOHEYHO MaJIoi aedopManun
6s — IpENEeNbHOE 3HAYCHHE HANPSIKEHHs, KOTOPOE COOTBETCTBYET IPEEIy

TCKYUYCCTH WJIH IIPCACITY IIPOYHOCTH IIPHU CKATHH.

2.6. I¢pdext boymmunrepa u neris ynpyroro rucrepesuca.
ITon »ddexkrom boymmuarepa (puc. 2.15) moHuMaeTCs yMEHBIICHHE
CONPOTUBIICHUSI  3HAKOMEPEMEHHBIM  IUIACTHYECKUM  jaedopmanmsM, T. €.
YMEHBIIIEHNE CIEAYIOUUX XapaKTEPUCTUK TUIACTUIHOCTH MaTEpUama: Guy, Gy U Om

IIpY U3MCHCHHUHU HAIIPABJICHUA HAI'PYKCHUA.

G A

y

G f / "’ |
| i

L =

Pucynox 2.15 — Dddext boymunrepa

R
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[lepBuuHoe miacTuueckoe aehOpMUPOBAHHWE MaTepuaja CHIKAET €ro
COIPOTHUBIIEHUE TUIACTUYECKOMY Je(OPMUPOBAHUIO MPU MOBTOPHOU HArpyske, T.€.
Om1>0m2 VMEIOLICH HaIpaBlieHUEe, MPOTUBOIOJIOXKHOE MMEePBUYHOMY — 3(DPeKT
Bboymuarepa. 910 00BSICHSIETCS TEM, UYTO MPU MaJION MIACTHUYECKON aedopmamu
pacTsbkeHus, 3epHa WU JAehOpPMHUPYIOTCA YIOPYro M IUIACTHYECKH, WU
pacCTIATUBAKOTCS U COKUMAKOTCHL.

[Ipy mnocneayroomeM CXaTud, B MEPBYIO OYEpelb, IUIACTHYECKHE
nedopmaliii BO3HUKAIOT B paHHEE CKAThIX 3€pHaX, YTO MPUBOJUT K MOHMKEHHUIO
Om2. AHAJIOTUYHBIE pE3YyJbTaThl IOJYYEHbl NPHU HCIBITAHUSAX HA KPYyYEHHE B
IIPOTHUBOIIOJNOXKHBIX HampasieHusx. DPpdekr boymmHrepa HadmomaeTcss BO BCEX
cllydasix U3MEHEHUs 3HaKa HalpsKeHUs (peBepc) Harpy3KH.

[Ipu pactsokeHun 0Opa3lOB M3 MSITKOM CTajld, B TOM cllydae, KOrja
MHTCHCUBHOCTh HAIpPsDKEHUH (67) TPEBBIIIAET CONPOTUBJICHHE MaTepualia
IUIACTUYECKOMY  AeQOpMHUpPOBaHUIO (05), TOCIE€ TIOJHOW  pasrpy3ku U
MOCJEAYIOMIEM PACTSKEHUU HOBBIA TMpeen TEKy4eCTH (6m) CTAaHOBUTCS OOJIbIIIC
NEPBOHAYAJILHOTO, a HOBBIM IMpenena YNpyroctu (oy) CTAHOBUTCS MEHbIIE
NEPBOHAYAJIILHOTO, HO 3aT€M OH BOCCTaHABJIMBAETCS JI0 MEPBOHAYAIBHOIO
3HAYECHHUS.

[Tpu pa3rpy3ke v MOBTOPHOM PACTSIKEHUH Ha AUarpamMme oOpa3yercs MeTis
ructepesuca. Eciu oOpasel], pacTsSHyThIM 3a Mpeaeia TEeKy4eCTH BIOCIEICTBUU
C)KaTh, TO IUIacTUYecKass AedopMainusi B 3TOM CiIydae MOSBUTCS NPU MEHbIIEM
3HAYEHWU MHTEHCUBHOCTU HAMNpPSKEHUU (6i), YEM MPU NEPBUYHOM PACTSIKEHUH,
npezen ypyroctu (6y) BIOCIEICTBUU YMEHBIIIAETCS B ’TOM ClIydae HeoOpaTuMo.

Ecnu npu ucnpITaHUsIX HA pacTsXKEHUE pasrpy3uTh oOpaszell 3a MperesioMm
TEKy4eCTH, a 32 TeM Harpys3uThb, TO Ha guarpamme odpasyercs kpusas CC'N netns
yrnpyroro rucrepesuca (puc. 2.16).

Kpusas pasrpysku CC' u noropHoro Harpyxenus C'N noutu napanienbHa
NEepBOHAYANILHON JIUHUM ynpyroro Harpyxxkeuuss OC. IIpakTudecku, 3TO HU 4YTO
MHOE Kak ocraTouyHas nedopMmanusi & mnocie pasrpy3ku. Jlo touku N nuHUIO

HOBOI'0 HArpy>KEHUsI MOXXHO CUUATATH IIPSAMOM.
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Pucynox 2.16 — [letns ynpyroro rucrepesuca.

IIpy TOBTOPHOM HarpyxkeHun (Korga o’m>e62), kpusas DE spnstorcs
npogomkenneM JuHuE OC. YBenndeHWe o6m A0 HOBOTO 3HAUEHUS MECTHOTO
npeiena TeKy4ecTh(6m) MOKHO OOBACHUTH YIPOUHEHHEM MaTepHaa (HakJIENom).

[Tnomane mMeTIW yHIpyroro THUCTEpe3uca MPOTOPIMOHATBHA BEITUYHHE
JTUCCUTIAIIMK DHEPruu, T.6. TOW YaCTH MEXaHMYECKOW »OHEprum, KoTopas

paccerBaeTcs B BUJIE TEIUIOTHI LIUKJIIA «pa3rpy3Ka — Harpy3Kay.
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3 OCHOBBI TEOPUHU HAITPAKEHHOI'O COCTOSAHUA
HanpspkeHHpIM  COCTOSIHMEM Tena B TOYKE HA3bIBAIOT COBOKYIIHOCTH
HOPMAaJIbHBIX U KacaTeJIbHBIX HAIIPSKEHUM, JNEUCTBYIOIIMX II0 BCEM IUIOLIAJKaM

(cedeHusIM), CoIepKAIINM TAHHYIO TOUKY.

3.1 KoMnoHeHThI HANPSKEHUI HA TPaHAX YJIeMEHTAPHOI0 MapaJjiiejenumnena
HccnenoBanne  HAOpsDKEHHOTO  COCTOSHUS — JA€T  BO3MOXKHOCTH
aHAJIM3UPOBATh MPOYHOCTHh MaTepHala JIjisl IF000TO ClTydasi Harpy>KeHHUs Tea.
[IycTh B OKPECTHOCTH HCCIEAYEMON TOUYKH IIECTHIO TMOIMAPHO IMapajuIeIbHBIMU
MJIOCKOCTSIMH  BBIZICICH DJIEMCHTAPHBIA TMPSIMOYTOJIBHBIA TMapayUIeIeUea ¢
pasmepamu pedep dx, dy m dz (puc.3.1). [lo ero rpansm OyayT IaeiiCTBOBAThH

HOPMAJIBHBIC Oi U KACATCJILHBIC 7ij HAIIPSAKCHUA.

/]
. L T
! ;X
Tﬁj’t ’ \gx i
N /

Pucynox 3.1 — KommoHeHTh HampspKeHHI B JEKapTOBOWM CHCTEME

KOOpJIMHAT.

OO06o3HaYeHUs] HOPMAJIbHBIX HAMpPSHKEHUH CcOoAep)KaT OJWH HWHIEKC -
HAaMMEHOBAaHUE OCH, KOTOPOW MapajuiebHO JaHHOE HampsbkeHue. B 00o3HaueHuu
KacaTeJIbHBIX HaIpPSHKCHUM HCMOJB3YIOTCS JBa WHJEKCA: TMEPBBIM COBMANAET C
MHJIEKCOM HOPMAJIbHOTO HANpPSIKEHUS, JCHCTBYIOIIETO IO JaHHOW IUIOLIAJKE, a
BTOpPOM - HaMMEHOBAaHUE OCH, KOTOPOM MapajjieibHO JaHHOE KacaTellbHOe
HaIpsKEHHE.
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KommnoneHTs! HaHpﬁDKeHI/Iﬁ CUHMTAIOTCA IIOJIOXKHMTCJIIBHBIMHU, €CJIM Ha
IJIomaaKe, BHCHIHAA HOPMAJlb K KOTOpOﬁ coBagact C IIOJIOXKHUTCIIBHBIM
HaIlpaBJICHUCM OCH KOOPAHWHAT, 9TH KOMIIOHCHTHI TAKXKC HAIIPABJICHBI B CTOPOHY
MOJI0KUTEIBHBIX OCel KOOpAWHAT.

Ecnun KC BHCHIHAA HOPMAJIb K paCCManHBaCMOfI 10 aaKEe,
COOTBCTCTBYCT OTPHULATCIIBHOMY HAIIPABJICHHUIO OCH KOOPAMHAT, TOI'lda BCC
IMOJIOKUTCIIbHBIC KOMIIOHCHTBI TCH30pPa HaHpH)KeHI/Iﬁ JOJDKHBI OBITH HaITpaBJICHLI

Ha dTOH IMI10MIaaAKe B CTOPOHBI OTPHULATCIIbHBIX HaHpaBJIeHI/Iﬁ oceu KOOpAHHAT.

3.2 3aK0H MAPHOCTH KACATEJIbHbIX HANPSKEHMUii
3aKOH MapHOCTH KacaTeJbHBIX HANPSHKCHUH yCTaHABIMBACT 3aBHCHMOCTD
MEKIy BEIHYMHAMHM M HAlOpaBICHWSIMH Iap KacaTeJIbHBIX HANPSHKCHHIA,
JICHCTBYIOIIMX 110 B3aMMHO MEPICHINKY/ISPHBIM IUIOIIAIKAM 3JEMEHTapHOTO
napasuiesienuIe/1a.
PaccMoTrpuM  sieMeHTapHBIM Mapaiuienenuies pasmepo  dx, dy, dz
(puc.3.2). 3amnmiieM ypaBHEHHE PaBHOBECHs MapajuIC/ICIUIea B BUIC CYMMBbI

MOMEHTOB OTHOCUTEJILHO OCH Y, TPOXOSIIEH Yepe3 TOUKY P, moIydum:

or dz dz dx or dx
+ —2dz)dxdy — dxdy — — 7. dydz — — —2dx)dydz— =0, (3.1
(0, + = d2)dxdy - + 7, dedy -~ 7, dydz - — (7, + == ddydz - =0, (3.1)
Wi, OTCroAa HOJ'Iy‘II/IMZ
Txz — Tx (32)
0Txz Ty o
Tx‘z T dz sz g M dx
S ox
}
! |
¥, 405
Bl 42013
’ A
7
Txz

Pucynox 3.2 — 3akoH mapHOCTH KacaTeJIbHBIX HAMPSKEHUN.
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AHaJNOTUYHO, PACCMOTPEB CYMMbI MOMEHTOB CUJI OTHOCUTENBHO ocelt X u Z
MOKHO IOJIYYUTh!

Ty = Ty (3.3)

Txy = Tyx (3.4)

DTO W eCTh 3aKOH MapHOCTH KacaTeNIbHBIX HamnpsbkeHuil. Kacamenvhole
HaAnpAMCceHUss NO 08YM 63AUMHO NEPHEHOUKYINAPHBIM NIOUWAOKAM PABHBL MO
gelUYUHEe U NPOMUBONOJIONCHBI NO 3HAKY. 3alvCcaTh €ro MOXKHO CIETYIOIINM
oOpazom:

Txy = Tyx, Tyz = Tzy, Tix = Tz (3.5)

3.3 'naBHbBIE IUIOIIAAKH U TJIABHbIE HATIPSKEHUSI

PaccMoTpuM JIBE B3aUMHO-TICPIICHIUKYJISIPHBIC TIOIMAIKHA C KaCaTeIbHBIMH
HAIPSOKCHUSAMU Txy M Tyx. COIIACHO 3aKOHY MAPHOCTH KacaTEIbHBIX HANPSKEHUH
3HaKH Txy U Tyx MPOTHUBOIOJIOXKHEIL. [103TOMY, €CIIH IUIOIIAIKY ¢ HAMPSHKCHHEM Txy
IIOBOPAYUBATh J0 COBIAICHUS C IUIOIMIAIKON C HAMPSHKEHUEM Tyx, TO 00S3aTCIIBHO
HalJeTcs Takoe IIOJIOKCHHE IIIOMIAJAKH, KOTJAa KacaTelbHbIe HaIpPsDKCHUS
o0patsaTcs B HOJIb.

IInowaoxku, no KOMOpvIM KAcamenbHble HANPAICEHUS PAGHbL  HYIIO,
HA3bIBAIOMCSL 2/IABHBIMU, a4 OelUCmsyowue no 3Mum NIOWAOKAM HOPMATbHbIE
HANPSACEHUS. - 2TIAGHBIMU HANPAICEHUAMU.

DJeMeHT, BbIICTICHHBIN TJIABHBIMH IIJIOMAAKaMH, H300paXkeH Ha puc.3.3.

3 O |
1
g
2 fl___ A
02

o o e
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2

Pucynox 3.3 — ['maBHbIe HOpMabHBIC HAMPSHKEHUS B JCKAPTOBOW CHCTEME

KOOpJIMHAT.
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['maBHble HanpsbkeHUsT O003HAUYAKOTCA 61, 62, 63, NPUYEM 61>62>063. B
3aBUCUMOCTH OT KOJIMYECTBA JCMCTBYIOIIMX TJIABHBIX HANPSHKEHUN Pa3IAYarOT

TPH BUJIa HAMPSHKEHHBIX COCTOSIHUM: JIUHeliHOe, NI0CKoe U 00beMHOe.

3.4 TeHnzopHble XapaKTEPUCTUKHN HATIPSKEHHOTO COCTOSTHUS

3.4.1. Tenszop nanpaxcenuii.

KoMIIOHEeHTBI HanpspKeHUM, AEHMCTBYIOIIME Ha IUIOMIAJKAX, MapajieIbHbIX
KOOPJIMHATHBIM TUIOCKOCTSIM, MOKHO OOBETUHUTH B COOTBETCTBYIOIIME BEKTOPHI
HaMNpsDKEHUM, JEWCTBYIOIIME HA OJTUX IUomansax IHade roBOps, BEKTOPHI
HanpsDKEHWM, JACHCTBYIOIIME Ha IUIOMIAJKAX, MapajlyIeIbHBIX KOOPJIUHATHBIM
IJTIOCKOCTSIM, MO>KHO BBIPA3UTh Yepe3 UX AEKAPTOBbI KOMIOHEHTHI KOOPIMHAT.

Onx = Ox = Oxx€x + Oxy€) + 0ys€,

Oyxeyx + 0yye, + 0y.e, (3.6)
Opz = 0z = Ozx€x + 085 + 0,8,

To ecTb, UMeeM TpHU BEKTOPHBIC COCTABISIOIINE (;nx,gny,gnz) IMOJIHOTO
HANpsDKEHUs B TOYKE, KOTOPYIO NMPUMEM 32 HA4ajo KOOPAMHAT. DTU BEKTODHI,
COCTaBJISIFOT TEH30p. B 1aHHOM cilyyae 3TO TeH30p HalpsKEHUI BTOPOTO paHra.

IIpu nepexoae K HOBBIM ocsM koopauHat X, Y/, Z/ xoMnoneHTs! TeHzopa
HaIpsHKEHU 0+, 09,07 npeo0pa3yroTcs MOJ00HO KOMIIOHEHTaM BEKTOpa IO
3aKOHY MOMNapHbIX KOCHUHYCOB, T.€. MOYKHO 3alHUCaTh!

Onx = Ox = Oxx€x + Oxy€y + 0yz€,

Opy = 0y = Oyxey + 0yye, + 0,8, 0....(3.7)
Onz = 0z = Ozx€x T 0zy€y + 0,8,

Tenepb IJil IpOCTOTBI MBI MOJKEM  BBIYMCIIUTBL TOJIBKO IIEPBYHO HOBYIO

KOMIIOHEHTY Yepe3 COCTaBIIAoIIMe cTapoii komnoHneHTsl. [TogcraBum (3.6) B (3.7),

nojy4yumM ypaBuenue (3.8):
O, = (Jxxex + Oyyey + axzez)axxr + (nyex + oyyey + Jyzez)ayxr +

+(sz5x + 06y + JZZEZ) XAy, (3.8)
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1
Teneph BHMUCIMM MPOEKIMIO HOBOIO BEKTOpa O« Ha HOBYIO och X'. Jlis
BBIYMCJIEHUS NPOEKIIMU BEKTOPA HA OCh, KaK U3BECTHO, HY?’KHO YMHOXHUTb BEKTOP

Ha OpT ATOM OCH, T.C.:.

O-X/x/ =0 Xéx/ (3-9)

[ostomy cieBa B (3.7) 6yIer o« x e/ =o a PaBEHCTBO MPUMET BU/I;

o
O sry! = (axxEx + oxyey + axZEZ)xaxerx, +
+(ayx5x + oyyey + ayZEZ)xafyerx, +
+(0x + 0298y + 0,,€,)xay, xEy, (3.10)
Ecnu paccMoTpeTh CKalIIpHbIC IPOU3BEICHHS CTUHHYHBIX BEKTOPOB, TO

BHJIHO, YTO ey x 8y =1x1x COS(éx/ Xéx/),T.e.:
XX

a..r
eyxexr=a /
ezxexr =a

VX
zx'

[Moacrasnsas (3.10) B (3.9) s cocTaBistONICH, TEHCTBYIONICH IO OCH X',

HaIpsHKEHUS Ha TUIoIaike ¢ HopMaibio N nmapamieabHoi ocu X', MoayyuM:
Oxlx! = OxxQyy! Axy’ + Oxy Axx! Ay ! +

F0,,Q,,'A, + OyxQyx! Ay + OyyQyx! Ay y! + OyzQyy! Ay +

VX
F O Ayy Ayy + OzyQzx! Ayyx! T 0220,y Azxi (3.10a)

N3  dopmynsr (3.10a) crmemyeT, dYTO Kaxaas M3 COCTaBIISIOLIUAX
HaIpsDKCHUS Mpeodpa3yeTcs IMpHU MepexoAe K HOBBIM KOOPAWHATHBIM OCSM TIO
MpaBUIy MOMAPHBIX MPOU3BEACHHN KOCHHYCOB. OTCIO/Ia ClIeIyeT OCHOBHOM
BBIBOJI;

Hanpsisicenue 6 mouxe onpeodensiemcsi 0essimvlo 8eIUUUHAMU, KOMOPbLE
CB853aHbL C KOOPOUHAMAMU cucmemot ypasneHutl (3.1) u npu nepexooe x opyeou

KOOPOUHAMHOU cucmeme npeoopazyromcs no npasuny NHONAPHLIX NPOU3Ee0eHUl

kocumnycos (3.10a).

DTO O03HAYaeT, 4YTO HAMNPSHKEHUWE B JIAHHOM TOYKE CIUIOIIHOW CpEeJibl

OMpeACIACTCA TCH30POM BTOPOT'O paHra:
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B WHJIEKCHBIX 0003HAYCHUSIX 3TO BBITIISIUT KPATKO:
Ts=aoi (3.11a)
YuuTeiBasi 3aKkOH NApHOCTH KacaTelbHBIX HampspkeHud (3.5), MOXKHO
CHENaTh BBIBOJI O TOM, YTO TEH30p HAIPSIKECHUA CUMMETPUUYEH M HE3aBUCHUMBIX

KOMIIOHCHT B HCM IICCTb. CI/IMMCTpI/I‘-IHBIﬁ TCH30pD HaHpﬂ}KCHI/Iﬁ MOJKET OBITH

pPacCMOTPCH, B I'NIaBHBIX OCAX, KOI'lda Txy:sz:szzo. TOFI[a:

oqg 0 O
TF=10 o, 0 (3.12)
0 0 o5

AHaJ'IOFI/I‘IHO, IMOHATHIO IAPOBOI'0 TCH30pPa, BBOJAUTCS ITOHATHEC ITAPOBOTO

TCH30pa H&Hpﬂ)KGHHfI, JJI1 KOTOPOTO, KOI1a 61=02=03=0.

c 0 O
TH=10 o 0 (3.13)
0 0 o

[ITapoBO¥ TEH30p HANPSKEHUM XapaKTEPU3YeT PAaBHOMEPHOE BCECTOPOHHEE
cKaThe Tela, MPUBOJAIIEEe K 0OpaTUMOMYy HM3MEHEeHUI0 oObema. T.e. 1mapoBoi
TEH30p HANpPSOHKEHUHA XapaKTEPU3YET TEJO0, KOTOPOE HAXOMSIIEECH 6 YHpYy2oM

cocmosaHuu.

Tenszop HanpsKEHUI MOXKHO PA3JI0KUTh HA IIAPOBOW TEH30P U 0eguamop:.

O —0 Ty Tyy
Da = Ta — TOEH = Tyx Oy —0 Tyz (3.14)
Tzx Tzy 0, —0
TeH30p HanpsHKEHUM UMEET TpPU HHBApUAHTA - TPU BEJIWYWHBI, HE
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3aBUCSIINE OT OCEH KOOPAUHAT. B rIaBHBIX OCSIX 3T MHBAPUAHTHI UMEIOT BU/I:
Jluneinnviu unsapuanm:
1(T5) = 61=62=063 (3.15)

Keaopamuunwiii eapuanm:

12(T5) = 61%621062x063t63%01 (3.16)
Kybuueckuii uneapuanm:
|3(Tg) = 01%X02%X03 (3.17)

Bennuuna paBHas.

o = W (3.18)

Ha3bIBACTCS — CPEOHUM (Unu cudpocmamuyeckum) oasaenuem (HanpsisiceHuem) 8

mouke.

HeorpunarenbHyro BEIUYnHY:

T = %\/(Ux — O'y)z + (ay — O'Z)Z + (0, —0,)%? + 6 X (T,%y + 12, + TJZ,Z) (3.19)

Ha3bIBAIOT UHMEHCUBHOCM bIO KACAME/IbHBIX HANPAICCHUU.

B teopun 06paboTK METAIIOB JIaBIICHUEM Yallle pacCMAaTPUBAIOT

BCIIMYUHY:

o‘i=\/§*T=

= %\/(ffx —0,)" + (0= 0,)" + (0, — 0)% + 6 x (td, + 73, +73,) (3.20)

OTa BeIMYNHA HA3LIBACTCS UHMEHCUBHOCHLbIO Hanpﬂafceﬂuﬁ, da B TCOPpHHU

IIJTaCTUYHOCTH npuee@euublm Hanpsasycenuem.

Takum oOpazoM, HanpsacenHoe cocmosaHue 6 mouke - 3T0 PpuU3NUecKas
BENTMYMHA, IS KOJIMYECTBEHHOW XapaKTEPUCTUKH KOTOPOH HEOOXOAMMO U

A0CTAaTOYHO 3aAaTb ACBATL YHUCCI - KOMIIOHCHT HAIPSAKCHHUA B KOOPAHWMHATHBLIX
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IUIOINAKaX, KOTOPbIE B COBOKYITHOCTU 00Pa3yloT MEH30p HANPANCEHUIL 6MOPO20
panaa.

Eciu 3amaHbl 3TH JE€BATH BEJIMYMH, U3 KOTOPBIX HE3aBHCHMBIX TOJIBKO
HIECTh, TO MOXKHO OTMPEICIIUTh HAMpsHKEHHE Ha JII000M HAaKIOHHOW IUIOIIAJIKE,

POXOJISIIEH Yyepe3 3aJJaHHYI0 TOUKY.

3.5 HanpsizkeHusi B HAKJIOHHOM TJIOMIAKe
[Tycts N — 5T0 HOpMas k Tomaake ABC (puc .3) — HaKJIOHHOM rpaHu
TeTpasapa. JIBe rpanu ero Beptukainbubie: AOB u BOC, oiHa ropu30HTalbHAS -

AOC.

Pucynok 3.4 — Cxema 1eiicTBUS HANPSDKEHU HAa HAKIIOHHYIO TUIOLIA/IKY.

[Tonoxxenue HakioHHOW Tpanu Terpa’dapa ABC ompenensiercss 3amanuem
YIJ0B, KOTOpble OOpa3yloT HOpMaib K IUIOIIAJKE C OCAMH KOOpPJAMHAT, U

HampaBJIAIOLIMMU KOCUHYCAMM:
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cosax = cos(N,x) = ax :
cosay=cos(N,y) = ay (3.21)
cosac = cos(N,z) = a,

Ecnu 0603Ha4nTh mioiaabp HakJIOHHOU rpanu Tetpadapa ABC uepe3 AF, To

Iomaaun €€ HpoeKHI/Iﬁ Ha KOOPAWHATHBIC IIJIOCKOCTH 6y,HYT TaKHUMMH:

['pans COB: AFx= AF %cos(N, x) =AFxax
['panb AOB: AFy AF xcos(N, y =4Fxay (3.22)
['pans AOC: AF= AF %cos(N, z) =AFxa;

JIaHHBIN TETpa’Ap JOJDKEH HaXOAUTHCSA B PABHOBECUM MO JEHCTBUEM BCEX
CUJ, NEUCTBYIOIIMX Ha €ro rpaHu. Ha HaxkJIOHHOW TrpaHW JEHUCTBYET IIOJHOE
HaMpsHDKeHUE S, MEIoIIee MPOEKIIMKY Ha KOOpJMHATHBIE ocu  Sx, Sy, S;. Ha rpansix,
KOTOPBIE COBIAJAIOT C KOOPJAMHATHBIMU IUIOCKOCTSIMU, IEMCTBYIOT HOPMaJIbHbIE U
KAacaTeJIbHbIE HANpPsUKCHHs. YCIOBUS PABHOBECHS TETpa3apa B 3TOM Cilydae
MO>KHO 3aIliCaTh, COPOEKTUPOBAB BCE JACHCTBYIOIIME 110 €r0 IPaHsAM CHJIBI HA OCH
KOOpJIMHAT:
Y1, = SAF — 0, AF, — T, AF, — 1, AF, = 0
X1,y = S,AF — 0y AF, — T, AF, — 7,,AF, = 0 (3.23)
X 1,, = S,AF — 0,AF, — t,,AF, — 1,,,AF, = 0
[loacraBum B cucteMy ypaBHenuii (3.23) 3nauenust AFX, AFy, AFz u3
dbopmy (3.22), momyuum:
Sy = 0x 0y + Ty @y + T550,

Sy = 0yQy + Ty Ay + T,5,0, (3.24)
= 0,0, + Ty, 0y + Ty,0y,

g
|

Cucrema ypaBHenur (3.24) mo (¢u3MUECKOMY CMBICIY  SIBISIETCS
OTPaXEHUEM CBSI3UM TPAHUYHBIX HAMPSOKCHUN Sj, AEHCTBYIOMIMX HA TUIOMIAJIKE C
HOPMAJTBIO, OTIPEACIICHHON BEKTOPOM Nj, ¥ BHYTPCHHHUX HAIPSHKEHUH KOMITOHCHT

TeH30pa aij. B kpaTkoit (hopme 3anmucu oHa UMEET BUI:
Gij¥Ni=S; (3.25)

VYpaBaenus (3.24) u3BECTHHI KaK epaHuyHble Yca08usn 6 Hanpaxcenusx. 110
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COCTABJISIFOIIMM 3THX YPaBHEHUH JIETKO OMPEEIAETCS 3HaUeHNE HATIPSHKEHUS S Ha
HAKJIOHHOM FPaHu TETPadaApa:
S%= S%+ S2+ S% (3.26)

Hopmanvnoe HanpsaicenHue Ha HAKIOHHOMW IUTONIAJIKE OMPEACISCTCS Kak

CyMMa IIPOEKIUN KOMIIOHEHT Sx, Sy, S; Ha HOpMaJlb K IIJIOMIAIKE:
Op = Syay + Sya, + S,a, = 0,a; + 0,05 +
+0,a% + 2Ty, a0y + 27y,a,a, + 2T,,a,0, (3.27)

Ilonnoe kacamenvHoe Hanpsax ceHue B HAKJIOHHOW TUTOIIAIKE OMPEACITUTCS

o gopmyiie:
72 =52 ¢? (3.28)
W3 npuBeIeHHBIX B TAaHHOM pa3jene GopMyII CASAYIOT CISAYIOIINE BIBOIBI:

- Ecnu 3aianbl KOMITOHEHTHI TEH30pa HANPSOKEHUH, IEHCTBYIOIINAE B TOUKE
10 TPEM B3aWIMHO TEPIICHIUKYIISPHBIM IUIOIIAKaM, TO HAMPSHKEHHOE COCTOSTHHE
BITOJIHE OTIPEIEIICHO.

- HopmanbHOe HampsbkeHHE on Ha HAKJIOHHOW TpaHM, PAaCCUYUTAHHOE IO
dbopmyne (3.27), Mo CYIIECTBY BBIYUCISACTCS MEPEXOJOM OT HAMNPSHKCHUN B
IIPOM3BOJIBHBIX KOOPJAWHATHBIX OCSAX K MECTHBIM OCsM ¢ HopMmanbio N. DToT
Mepexo] OCYIIECTBIISICTCS 10 TPABMITY TIOTIAPHOTO MPOU3BEACHUS KOCHHYCOB, KaK

ATO MPUHSTO JJII TEH30POB BTOPOTO PaHra.

3.6 Dasnncoua HanpsiKeHuii
OTtnoxum 110 HanpasiaeHH0 HopMaiau N K HakJIOHHOM 1uomanke (puc.3.4) BEKTop

', MOAYJIb KOTOPOT'O OIPEACIIACTCA BBIPAXKCHUEM:

r=——_ (3.29)

rae A - HeKoTopasi IPOU3BOJIbHAS TOCTOSIHHAS,
6n — HOpMaJIbHOE HaNpsKEHUE, JeHCTBYIONICE Ha HAKJIIOHHOM TIIONIaKe.

DTO HanpsHKEHHE MOYKHO orpeAenuTs 1o ¢popmyse (3.27). [pumem:
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o,=+'%  (330)

Kocunycsl yrioB mMexay paanycoOM-BEKTOPOM I U KOOPAUHATHBIMU OCSIMU
IIPUMYT BUL:

ax=x;ay=%; azzf (3.31)

T
TI€E X, ¥, Z — KOOPAWHATHI KOHIIA BEKTOpa .

U3 (3.30) umeem A2 = onxr?, IlosToMy:

2 2 2
2 X y z X-y y-z X-z| 2
A = er—z +0yr—2 +O'Zr—2 +2TXyT+2Tsz+2fsz - =

= . 2 . 2 . 2 . . .
=0, X +0,- Y +0,-2°+27, - Xy +2r,-y2 + 27, - X2(2.41) (3.32)

IlonydyeHHOE ypaBHEHHME SBIIIETCA IMOBEPXHOCTBIO BTOPOrO IOPsIKA,
OTHECEHHOM! K 1eHTpy. [IpoaHanu3upyemM BO3MOKHbIE U3MEHEHUS HAMPSDKEHUS S
Ha HAKJIOHHOW Iowmwanke. IIpeamosioxkuM mpu 3TOM, YTO paccMaTpUBAIOTCS
TOJIBKO TAKHE OCH, B KOTOPBIX KACATEJbHBIE HAIPSIKEHUS OTCYTCTBYIOT. Kak MbI
yKE€ 3HAEM, 3TU OCH HA3bIBAIOTCA TJIABHBIMH, A HAINPSKCHUS, AEHCTBYIOIIUE Ha
IUIOIIAJIKAX, PACcCMaTpUBACMbIX B TJIABHBIX OCSX, - IJIaBHBIE HOPMAaJIbHbIC

HanpspkeHus. [ atoro ciydas hopmyinsl (3.24) mpumMyT BU!

Sl = 01044, SZ = 0,05, 53 = 0303 (3.33)
N3 (3.33) cnenyer:
2,24 2 5 S S
ai +a; +as = p + p + p (3.34)

OTO ypaBHEHHE OIUCBIBAET MPEXOCHDBIU INIUNCOUO C TIOTYOCAMU 61>02>63 U

SBISICTCS  9IUNCOUOOM HanpsidiceHutl Jlams (puc.3.5).
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Pucynok 3.5 — Dnnuncoun HanpsoxeHuit Jlamn
Tenepb NOHATHO, YTO a0CONIOTHOE 3HAYEHUE BEKTOPA MOJIHOTO HAIPSKEHUS
S Ha 110600 TUIOIIA KE, HAKIIOHEHHOW K TJIABHBIM OCSIM, HE MOKET ObITh MEHBIIIE

MHWHHUMAJIbHOTO I'JIABHOTI'O HAIIPSIKCHUA 63 U 00JIBIIIE MAKCUMAJILHOTO O1.

3.7. 'naBHbIE KacaTeJbHbIe HATIPSKEHUS
[TycTh TEH30p HAmMpsOKEHUS 33JaH B TUIABHBIX OCSAX, TOTJa HOPMaJIbHOE
HaNpsHKCHWE HAa HAKIOHHOW IUIOIIAJAKe, Kak 3To cieayeT u3 Gopmyisl (3.27),
PUMET BH/I;
0, = 0,a% + 0,45 + 0343 (3.35)
KoMItoHeHThI TOTHOTO HANPSKEHUS Ha TOM HAKIIOHHOW TUIOIIAIKE, KaK 3TO
cienyeT u3 hopmy (3.24), npuUMyT BU/L:
S1 =8y =01a4; S, =8, = 0,0,; S3 =5, = 0303 (3.36)
[TotHOE HaNpsHKEHUE HA HAKIIOHHOM TUTOIIaAKe OYIeT PaBHO:
S§% =82+ 52+ 52 =o0la?+dfa5 +od2a3 (3.37)
N3 popmymel (3.28) 1 U3 caMOro CMBIC/IA BEIMYUHBI TIOJTHOTO HATPSKCHUS
Ha HAKJIOHHOM IUIOMIAKE CIIEAYET, YTO €r0 MOXKHO Pa3JIOkKUTh HA HOPMAJILHOE H
KacarelbHOe HanpsbkeHus. [Ipu 3ToM KacaTenbHOE HaINpsDKEHUE OYIeT paBHO!
12 =8% — 0?2 = gfal + 03d5 + oia3 — (0,a? + 0,a5 + 03a3)?  (3.38)
BeIICHMM, B KakuX IUIONIAJKaX KacaTeIbHBIC HAIPSOHKECHUS MPUHUMAIOT

OKCTpEeMabHbIC 3HAYCHUS.
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N3 ycnosus:
a’> + a* + az* =1 (3.39)
Nmeewm:

az’ =1 — ai® + a2? (3.40)

[ToncraBus (3.40) B (3.38), noayuum:
12 = ofa? + oai +di(1—a? —a3) —
—[o1a? + 0,a2% + 05(1 — a? — a3)]? (3.41)
[Mpoauddepennmpyem Boipakenue (3.41) mo a1 ¥ NpUpaBHIEM YaCTHYIO
MIPOU3BOIHYIO HYJIIO JUTSl HAXOXKICHUSI KCTpemyMa. [lomyamm:
a(1?)
da,y

= 20{a, — 20% — 2[01a} + 0,a% + 05(1 — a? — a3)] X

X (20ya, —203a,) =0 (3.42)
Coxkpamraem (3.42) Ha 2(61 — 63) ¥ BBIHOCUM a1 3a CKOOku. ['pymmupys

YJICHBI, MEHSISI 3HAK, BEIHOCS 33 CKOOKH @1° M a2° 1 pa3aenuB Ha 2 TOTYUYUM:
2 2 1 _
a; X [(01 —o03)ai + (0, —03)a; — 5(01 - 03)] =0 (3.43)

. o(r?
BBIMOTHSS aHATOTHYHBIE CHCTBHUS LIS ( 2) =0, TONTy4HM:
2

az X [(01 — 03)ai + (0, — 03)a3 _%(02 - 03)] =0 (3.44)
Pewmenusamu ypaBuenuii (3.43) u (3.44) sBnsrorcs:
a1=0:a2=0; a3 ==+1 (3.45)
[Tonmyyena mnepBas rpynna HaNpaBIBIOMIMX KOCHHYCOB YIJIOB HAKJIOHA

IIOMAA0K, ITPHY KOTOPBIX JOCTUIaCTCA OKCTPEMYM KACATCIBbHOI'O HAIIPSI’KCHUA G

Hanee, npunsiB a1 = 0 u3 ypaBHenus (3.44), nony4um:
1
az x |(0; ~03)af — 3 (0~ o) =0 (3.46)

Pemenuem JAHHOI'O YpaBHCHHA ABJICTCA 3HAUYCHHUC HAIIPABJIAIOLICTO

KOCHHYcCa a2:
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HOJ’Iy‘-IeHHI)Ie SHAYCHUA HAIIPABAIOINHUX KOCHMHYCOB 41 U a2 IOACTABJIISAICM B

ypaBuenue (3.40). [Tomygaem:

1
a, =+ |-
2y

[Ipunsis a; = 0, B ypaBHeHuu (3.43), nonydaem:

2

[ToncraBuB a1 u a2 B ypaBHeHue (3.40), momyuum:

Takum o6pa30M, IMOJY4YCHBI AOBC TIPYIIIBI HAIIPABIIIONIMX KOCHUHYCOB

OIIPCACIAIINUX INIOIIAAKH, Ha KOTOPBIX KACAaTCIbHBLIC HAIIPAKCHHUA IIPUHUMAIOT

9KCTPEMAJIbHBIC 3HAUCHMU. 3anuiineM ux 3HaUCHMS:

1 1
a1=0; a, =J_r1/5 ;a, :i’/i (3.47)
11 11
31=i E;a2:0; a3=i E (348)

Bcero mMmeem 1iecthb I'pyIin 3HAYCHUM HaIlpaBJIAIOIIUX KOCHUHYCOB JIA

HAKJIOHHBIX INIOMIAA0K, Ha KOTOPLIX KaCATCJIbHBLIC HAIIPSXKCHHUA T IIOJTYy4YaroT

AKCTpeMalibHbIC 3HaueHus. Bce onn mokazansl B Tabmuie 3.1.

Tabmuma 3.1 — 3HaueHus HAMPaBJISIOMNX KOCHHYCOB.

Hanpasisromue ['pynnel 3HaYeHMI HATPABISIIOIIKMX KOCUHYCOB
KOCHHYCBI T= 0, o= max T = max
0 +1 0
di n 1 + 1
2 2
a, S R (R R Y R
N2 “\2
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a3 +1 0 0 0 1 1

IlepBble TpH IpymNnbl 3HAYCHUM HANPABISIIOIINUX KOCUHYCOB OINPEIACIAIOT
KOOPAMHATHBIE INIOCKOCTH, B KOTOPBIX KACATENbHBIE HAIIPSYKEHUS! OTCYTCTBYIOT.
[Ipu aHanu3e Bompoca 3TH IUIOCKOCTHM ObUIM TPHUHSATHL 32 TIJIABHBIE.
CrnenoBaTenbHO, BTOpBIE TPU TPYNIbl 3HAYEHUN ONPEIEISIIOT IUIOCKOCTH, B
KOTOpBIX  KacaTeJbHbIC HANPSDKEHUS  JIOCTMIalOT  MAaKCUMAaJbHBIX (IO
a0CONIOTHOM BETMYMHE) 3HAYEHHI, TOCKOIBKY KCTPEMYM ONPENENSICS IS 72 .

OTH BTOpbIE TPU TPYyNIbl HANPABISIOMIMX KOCHHYCOB ONPEAEIAIOT
IIJIOCKOCTH, MPOXOJSIINE Yepe3 OAHY KOOPAMHATHYIO OCh U JEIIAIIME YIOJl MEXIY
ABYMsl ~ OpPYrMMHM  IonosiamM. Bcero  momyyuM  Tpu  Iapel  B3aWMHO
IIEPIICHIUKYJIAPHBIX IIOMIAJ0K, B KOTOPBIX KacaTeJbHbIE HAIIPSKEHUs JOCTUTAKOT

HauOOIBIIMX a0COTIOTHBIX 3HAUYCHUH (puC. 3.6).

i3 W2

7

/‘

2 g 2 B

Pucynok 3.6 — Pacnionoxenue B 1ehopMUpPyEeMOM TeJle TUIOMAT0K TeUCTBUS

HanOOJIBIITNE KacaTeIbHBIX HAMIPSKEHUN
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[ToncraBinsas 3Ha4YE€HUS MOJYYEHHBIX HAIPABISIIOIINX KOCUHYCOB a1, 42, a3,

n3 Tabmunpl 3.1 mns Tmax B ypaBHeHue (3.38), moayuyMM 3HAYEHHS TIIABHBIX

KaCaTCJIbHBIX HaHpH)KCHHﬁl

1 1 1 )
T12=i5(01_02); a1=i\/;i a2=i\/;; a; =0

1 1 1

Ty3 = iz(O‘z — 0-3); a, = O) a, = —\/;' as = i\/; > (349)
1
2

NHpekchl mpu 7 03HAYAIOT, PAa3HOCTH KaKUX TJIABHBIX HOPMAaIbHBIX
HalpsOKEHU paBHBI JIAHHBIE KacaTEJbHBIC HANpPSKEHUS, U K KaKUM OCSIM
IJIOCKOCTH JEHCTBHS 9TUX KACATeIbHBIX HANPSKEHUS HAKIOHEHBI 1o yriom 45°
(cMm. puc. 3.6).

Takum 00pa3oM, TJaBHbIE KacaTeJIbHBIC HAIPSKEHUS PaBHBI TOJIY-
Pa3HOCTH COOTBETCTBYIOIIMX TVIABHBIX HOPMaJIbHBIX HampsikeHuil. Hanbomnbiiee
KacaTelbHOE HANPsHKEHHE PAaBHO IMOJTYPa3HOCTH HAMOOJBIIETO U HAaWMMEHBIIIETO
TIaBHBIX HOPMaJIbHBIX HanpsokeHui. V3 cuctemsl ypaBaenuit (3.49) crienyer:

Tt 723+ 730 =0 (3.50)

T.e. 3Hak HauOoybIIETO 1O aOCONIOTHOW BEIUYMHE KacaTeJIbHOTO
HaIpPsHKEHUN TPOTUBOMOJIOXKEH 3HAKY ABYX JIPYTHUX.

HopmanbHble HamnpspKeHUs, AEMCTBYIOIIME Ha IUIOMIAJKaX TJIaBHBIX
KacaTeIbHbIX HaIpPSHKEHUM, MOTYyYUM, TOJICTABUB COOTBETCTBYIOIIUE 3HAYCHUS

ai, a; v az, B ypaBHenue (3.35), moaydum:

1 1 1
012 = 5(01 +0,); 03 = E(Uz +03); 031 = 5(03 +01) (3.51)

3.8. OkTazapuyeckune HANPSIZKEHUS

Kpome r1aBHBIX HOPMAIBHBIX HANPSXKEHUA M TJIABHBIX KacaTeJIbHBIX
HaIpPsHKEHUH B TEOPUU HAIPSKEHHOTO COCTOSIHUSI OOBIYHO PAacCMATPUBAIOTCS U
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TaK Ha3bIBACMBIC 01<ma3dpuqea<ue Hanpﬂafceuuﬁ, ﬂeﬁCTBYIOHIHe Ha 1Jiomaakax,
OIMHAKOBO HAKJIOHCHHBIX K TPEM I'NJIABHBIM OCSM.

YTabl HaKJIOHA ATUX INIOIAIOK HAXOAATCA U3 YPABHCHU.

ai’ + a? + az? =1 (3.52)
[Tonaras, 4To a1 = a2 = as, HONYYHM:

a=+= (3.53)

ol

Takux IIOMAA0K YCTBIPC, C YCTBIPbMA UM IApaJJICJIbHBIMHU OHU 06pa3y10T

reoMEeTPHYCCKYIO GUrypy - okraszap (puc. 3.7).
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Pucynox 3.7 — Imomaaku 1efcTBUS OKTAdAPUUECKUX HATIPSKCHUM

OnpenenuM HampspKEHUS, TCHCTBYIOIIME HA OKTAdIPUYCCKUX TUIOMIAJIKaX.
W3 ypaBHEHHUS ISl KOMIIOHEHTOB HAIPSDKEHUI HA HAKJIOHHBIX ILIomiaakax (3.24),
MOKHO OTIPEJICTUTh KOMIIOHEHThI OKTadPUUECKUX HAIPSHKEHUSI B TJIABHBIX OCSIX.

OHu paBHBI:
S1 = o1xa1; S1 = 61%as; S1 = 61%a1 (3.53)
[TomHOE HanpsiKEHUE, AEUCTBYIOIIEE HA OKTA3APUUYECKOM TIIIOIIAIKE:
Stex = St + Shr + Sk =5 (07 + 0} +0%)  (354)
HopmanbHast cocTaBisitonasi OKTa3JpUieCcKOro HanpsH>KeHUsl paBHa:

1
Opoxr = 0102 + 0,05 + 0303 = 5(01 + 0, +03) (3.55)

Kacarensnoe OKTaSAPHUIYCCKOC HAITPSIKCHHUC OIIPEACIINM TaK:

51



1 1 z
TgKT = S(?KT - S‘ELOKT = § (0-12 + 0-22 + 0-32) - [§ (0-1 + %) + 0-3) =

1,1, 1, 1, 2 2

=301 +§02 +§a3 _5(01 + 05 + 05 + 20,0, + 20,05 + 20,03) =
1., 2 2 2 2 2

=§(201 + 205 + 205 — of — 05 — 05 — 20,0, — 20,05 — 20,03) =

[(6Z — 20,0, + 0%) + (6 — 20,05 + 62) + (05 — 20,05 + 62)] (3.56)

O | =

OTKYI[a, HJI1 KaCaTCJIbHOI'O OKTA3APUYCCKOI'O HAIIPAKCHUSA, HMCCM:

Tokr = i%\/(% — 02)% + (0 — 03)% + (0, — 03)2 (3.57)

OKTEDI[pI/I‘{eCKI/Ie KaCaTCJIbHBIC HAIIPSAXKCHUSA MAJIO OTIINYAarOTCA OT
MAaKCHMAJIBHOI'O KaCaTCIbHOI'O HAIIPAKCHUA U U3MCHAIOTCA B CIICAYIOIIUX

npeaenax:

0941 ~ 22> T 5 120816  (3.58)

3 Tmax 3

3.9. Inddepennuaibabie ypaBHeHUs IBUKEHUS U PABHOBECHS.
B peanbHOM Tene, mpu NPUIIOKECHUM BHEUIHEW HArpy3Ku, HAIpPsHKCHUS
M3MEHSIOTCA MPH MEPEXOJE OT TOUYKHU K TOUKE.
PaccmoTpuM snieMeHTapHBIN Mmapaienenuies co croponamu dX, dy, dz.

BBII[eJ'II/IM B HCM JABC TOYKH a4 U a1 IIPHUHALJICKAIUX ITPOTHBOIIOJIOKHBIM I'PAHAM

(puc. 3.8).
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Pucynok 3.8 — K BbIBOAy ypaBHEHUH ABH)KEHUSI U PABHOBECHSI.

HarmpsixkeHHOEe COCTOSIHME B TOUKE @1 ONPEIEISETCS TEH30pOM HaNpPsHKEHUIMA

(bopmyia (3.11)). T.x. TOYKa @1 OTCTOUT OT TOYKH @ Ha paccrostauu dX, dy, dz, To

HaIpsOKCHUSL ~ U3MCHAIOTCA HAa  BCJIIMYMHY  IPUPAIICHUS  HAIPSKCHUA

1o

COOTBCTCTBYI'OHIeﬁ KOOpOWHATC. HaHpHMep, HAIIPSPKCHUC Oy ITOJIYUHUT CIICAYIOIICC

npUpalieHue:

o, +—>dx (3.59)

Torna HAIIpsZKCHHOC COCTOSHHME B TOYKC a1 OIPCACIUTCA CIICAYIOINM
TCH30POM HaHpH}KeHI/If/'I:

a& a aTxZ

Tx
» dx) (Txy + ayy dy) (14, + p» dz)

01y,
22dz)|  (3.60)

(ox +

0Tyy do
(Tyx + %dx) (oy + a—yydy) (ty, +

0Tzx 01, day
(Tzx +52dx) (T + 2dy) (o, + —Zdz)

0

BreiieneHHbld  mapayieNenuIe]  HaxOOUTCA B PABHOBECHM  IOJ
JEWCTBUEM HAIPSKEHUM Ha ero rpassax. CocTaBuM yCIOBHUS PaBHOBECHS, B3SB
CyMMYy IIPOCKLIMM BCEX CWJI HA OCU KOOPAUHAT, IPUPABHAEM UX K HyI0. Torna,
HalpuMep, MPOEKIHMM BCEX CWJI Ha OCh X MOXKHO 3alucarh CIEAYHOLIUM

obpazom:

00y 0Ty
(o, + % dx)dydz — o,dydz + (rxy + ;—yy dy) dxdz —

—Tyydxdz + (sz + a;’z‘z dz) dxdy — t,,dxdy =0 (3.61)

PackpbIB CKOOKHM W mpeoOpa3oBaB MOIYYCHHOE BBhIPAKCHHE, Pa3IeinuB
Bce Ha dX, dy, dzZ mogyyum oJTHO U3 YpaBHCHHIA:

60‘x aTxy asz
dx dy 0z

=0 (3.62)

CropoenpoBaB BC€ CHIIbI HA OCH Y W Z, TIOJIYYHUM €lIe JBA aHAJOTUYHBIX
ypaBHeHHs. Torma, ycCJIOBUSI paBHOBECHS Jii OOBEMHOTO HANPSKEHHOIO

cocTosiHUA B BUje AU(PdepeHITUaTbHBIX YPaBHEHUN B YaCTHBIX MPOU3BOIHBIX
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OyayT UMETh BUJ:

oo, N

or

Xy

or

XZ

OX
or

yX

+

oy
Gay

0z
or

yz

_|_
OX

or,, N

+
oy

or

zy +

0z
oo

z

OX

s

COCTaBJICHUA

oy

YPaBHECHUM

0z

=0

=0

=0

JABHIKCHU

(3.63)

HYKHO YUUTBIBATb

JOTIOTHUTEIHFHO 0OBEMHBIC CHJIBI, T.€. CHJIBI, PacTIpeIe]ICHHBIC 110 00BEMY Tela,

a TaKKe€ HMHEPLUOHHBIE CHIIBI, OMpEAENIIeMble BTOPBIM 3aKOHOM HbrOTOHA.

Kaxnasa w3 npoekuuid MHEPUUOHHOM CHJIBI OMNPEIENIIETC KaK MPOU3BEIACHHE

Macchl Ha yckopeHnue. Hanpumep, npoekius 1o ocu X OyAeT paBHOM:
Fo=mxa,=dcxdyx1xpxil —(3.64)

x = MXa, =dx xdy PX7 -
rJe M — macca pacCMaTpUBAEMOTO TEIA,
dxxdyx1 — o6beM paccMaTpuBaemoro Tena (B miockoctu XOY);

p — IUIOTHOCTh PacCMaTpUBAEMOTO Tela.

C Y4CTOM BCCX CHII, I[GﬁCTBYI-OIHHX Ha BHCMGHTapHBIﬁ 00BeM TCIIa,

COCTaBHUM YPaBHCHUA NABHXCHUA aHAJIOTUYHO YPABHCHUAM PABHOBECHS.

oo, Otr, or, 0,
+ =p—
OX oy 0z dt
or, 0o, 01, _ , ou, (3.65)
ox oy oz dt?
or, Or, oo, 0,
+ + =p—
OX oy 0z dt
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4 KHHEMATHWKA CILIOIIHOM CPEJIbI

4.1 IlonsATHs O NepeMelleHUuAX U OTHOPOAHBIX JAedopManusx

ITo KoMUECTBEHHO OLIEHKE AePOopMaIK JENISITCS Ha:
e KoHeuHbIE
e Maisle
[To xkauecTBEeHHOM OlleHKE AehopMalluU IETATCS Ha!
e JluHeliHbIE
e VYrioBble (CABUTOBBIC)
o 3HaKy nedopmaru 1ensaTcs Ha:
e Pacrarupatoniye (IOJ0KUTENbHBIC)
e (Cxumaroniue (OTpUIIaTEIbHBIC)

CocrossHue Teyma, MNpH  KOTOPOM  €r0  YacTHLBl  BBIBEACHBI U3
NEPBOHAYAILHOTO PABHOBECHOT'O IMOJIOKEHUS, HA3bIBACTCA Oedopmupo8anHvim
cocmosanuem.

Hepopmayus — >T0 CMENIEHNE YACTEN WM MATEPUAIBHBIX YaCTHI] Tea,
IpyU KOTOPOM M3MEHSAIOTCS B3aUMHBIE PACCTOSIHUSL MEXAY HUMH, HO He
HapyIIAeTCsl HEMPEPBIBHOCTh CaMOT0 TeJIa.

Oo6parumas nepopmanust HazbiBaeTcst ynpyzou. Heobpatumas aedopmanus
HAa3bIBACTCSA HAACHUYECKOU.

BribepeM Npou3BOJIbHYIO CUCTEMY KOOpAMHAT X, Y, Z. Beigenum B Tene
TouKy M ¢ KoopauHatamu X, Y, Z. Torma, mpu NpWIOKEHUH Harpy3ku touka M
nepeMecTHTCs B nojoxkenne M'. Be koopauHaThl mocie aedopManun 0603Ha9uM
x|y, 7. Orpesox MM', sBisiercs BextopoMm mepememennst U Toukn M. Torma

HOBBIE KOOPAMHATHI TOUKU M, TIpH ee repeMelleHnH B Touky M’ GyIyT paBHBI:

X' = x+ Uy
y =y+ Uy (4.1)
7 =7+ U,
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Ecmu pacCToAHNC MCKAY OTACIbHBIMMU TOYKAMH TCJId IIPU IPUIIOKCHUU K
HCMY BHEIITHEH HAarpy3Kkm HC HU3MCHANOTCA, TO TCJIO COBCPIIACT ITOCTYIATCIIBHOC
NI BpallaTCIbHOC ABHIKCHUC IIPU OTCYTCTBUU IIG(l)OpMaHI/II/I.

Ecnu nedopmupyemoe teno npu aedopMaiiuu He MOIy4aeT pa3phiBOB (T.€.
nedopMaluss MPOM3BOAUTCA B YIPYro-IUIACTHYECKOW 00JacTd 10 6B), TO
nepopMan  TEpeMENIeHUs]  SIBISIOTCS  HENPEphIBHBIMU  JedopManusMu
KOOpAMWHAT TOYCK, T.C..

U=Ux(X,Y,2); Uy=Uy(X,y,2); U=U(Xy,2); (4.2)

B stom CiIydac HCIIPCPBIBHBIMU 6YI[YT ABJIATBCA W 4aCTHBIC ITPOU3BOIHBLIC

TUX (PYHKIIHI:

oUx oUy oUz
ox oy o’

(4.3)

PaccmoTpum noHsTHE 00HOPOOHOU dedhopmayuu. Beiaenum Be TOUKU Tea

M u N (cm. puc. 4.1). Jlo nebopmaruu kKoopauHaTel Toukd M — (X,Y,2), a
KoopauHathl N, KOTOpasi OTCTOUT OT TOUYkH M Ha OECKOHEYHO MaJIOM PacCTOSHUU
dx; dy; dz, 6yayt paBHBI:
x+dx; y+dy; z+dz (4.4)
Torna, paccrossaue mexay Toukamu M u N MOXHO OmpenenuTh IO

dbopmyie:

MN =S =./dx® + dy? + dz? (4.5)

IMocne nedopmanuu touka N mepemectunachk B nonoxenue N. Ee HOBble

KOOPJAWHATHI:
X1 +dx; =x+dx +Uy, (4.6)

rie Uy — KoMroHeHTa Bektopa nepememnenuss Touku N B monoxenne N/ wm
npupaiieHne KoopauHaTel TOuku N.

[TonHblil BekTOp mnepeMenieHusi TOYKU N OTHOCHUTENbHO TOYKH M, 3TO
sektop U, a ero KoMInoHeHTHl (MpoeKuK Ha BhIOpanHble ocu koopaunat) Uy, Uy,

U:.
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Pucynok 4.1 — CxeMa K onpeieIeHUI0 OTHOPOAHBIX AedopMariuii.

Tenepb MbI MOXKEM 3amucath, cBsizaB Touku M u Touku N, eciu 3a Havayio
oTcuera BblOpaHa Touka M-

Ux, =Ux(x+dx,y+dy,z+dz) = f (x+dx,y+dy,z+dz)
Uy, =Uy(x+dx,y+dy,z+dz) = f (x+dx,y+dy,z+dz)» (4.7)
Uz, =Uz(x+dx,y+dy,z+dz) = f,(x+dx,y+dy,z+dz)
PasznoxuB cootHomenue (4.7) B psn Teimopa, kak QyHKIuo 3-x

IICPCMCHHBIX U HpeHe6pera>1 BCIIMYMHAMHU BBICIICTO ITOPAAKA MAJIOCTH, ITIOJIYYHUM!

Ux, =Ux+ OUX dx + OUX dy + OUX dz

OX oy 0z

oUy oUy oUy
Uy, =Uy + dx + dy + dz 4.8
y, =Uy+—= 5 Vs (4.8)

Uz, =Uz+ Uz dx + Uz dy + Uz dz

OX oy oz

N3 nosydeHHO# CUCTEMBI ONpeeuM IpupalieHue nepemMenieHuii Touku N
OTHOCUTENBHO TOYKU M.

JT0 sABIsSETCA A0COIOTHBIM MTPUPAILIEHUEM ITEPEMEIIEHUS, TTOTYUHUM:
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AUx, =Ux-Ux = oUx dx + Ux dy + oUx, dz
OX oy oz
oUy ouUy oUy
Uy, =Uy, -Uy=—=dx+—dy+—dz 4.9
Y, =Uy, ~Uy=— 5 Vg (4.9)
Uz, =Uz -Uz = Uz dx + Uz dy + Vz dz
OX oy 0z

W3 Bcero ckazaHHOTO MOXKHO ClIeTIaTh CIEAYIONTUE BBIBOIBL:

- Jlepopmaiuu Ha3bIBAIOTCS MAIbIMU, €CIH B KaXKIOM TOUYKE Teia
MPUPAINIEHUS KOOPJIWHATHI HACTOJIBKO MaJlbl, YTO WX KBaJpaTaMd MOXKHO
npeHeopeyb.

- Ecnm oTHOCHWTENbHBIE CMEIICHHS SBJISIOTCS JIMHCWHBIMA (YHKIHSIMHU
KOOpJIMHAT, TO Takue AehopMalvK SIBISIOTCS OOHOPOOHbLIMU, T.K. BCE JIMHUU
IpsIMBbIE U MapajuieNbHbIE 10 Ae(OpMaliU, OCTAIOTCS MPSMBIMHU U HapaiIeIbHBIMU

IIOCJIC I[G(I)OpMaHI/II/I, XOTA UX HAIIPABJIICHUC MOKCET U3MCHUTBLCA.

4.2 KoMIIOHEeHTbI KOHEYHO JAedopManiu.

Paccmotpum B cucreme xoopauHat Xyz touku M u N (cMm. puc.4.2). Ilpu
IPUJIO)KEHUU HArpy3KH OHHM IepeMecTarcs B HOBble nosiokeHus Mi m Ni. Ux
KoopAuHATHI j0 nepemenieHus: M — (X,y,2) u N — (x+dx, y+dy, z+dz). A nmocie
nepemeenus: M1 — (X,Y,Z) u N1 — (X+dX, Y+dY, Z+dZ).

74 N

M N 7

Y

Pucynoxk 4.2 — Cxema K onpe/ielIeHUI0 KOHEYHBIX AehOopMaIiuii.
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Torpga, KkBagpaT IJIMHHBI OTPE3Ka 10 MEPEMEILEHUS PABEH:
MN? =dS? = dx® + dy® + dz” (4.10)
KBagpart qimMHHBI 0Tpe3Ka mociie NepeMeNIeH s paBeH:
M,N,* =dS,* =dX 2 +dY? +dzZ? - ocie (4.11)
Koopaunater Touku M mociie nedopmaruu (touka M1, cM.puc.4.2) MOKHO
OIpeNeNTh, €CIM W3BECTeH BeKTop nepememenus U. TakuMm 00paszoMm 5Tu
KOOPAMHATHI MOXXHO OTPEIEIUTh 1o popmyiie:

X =x+Ux(x,Y,2)
Y = y+Uy(x,Y,2) (4.12)
Z =7+Uz(x,Y,2)

HoBoe mnonoxenne Toukn N oTHOCHTEIBbHO TOYKH M OIIPCACIINTCA
COOTHOIICHUsIMM.

X +dX = x+Ux(x+dx; y+dy;z+dz)
Y +dY = y+Uy(x+dx; y +dy; z +dz) (4.13)
Z+dZ =z+Uz(x+dx;y+dy;z+dz)

Borutem cuctemy (4.12) uz cucremsr (4.13). Tenepbr MOXXeM ONpeNETUTh
nepeMeinenust Touku N:

dX =dx+Ux(x+dx; y+dy;z+dz)-Ux(x,y,z)
Y +dY = y+Uy(x+dx; y +dy; z + dz) (4.14)
Z +dZ =z+Uz(x+dx;y+dy;z+dz)

Pasnoxum Beipakenue (4.14) B psaasl Teitnopa, mpeodpasyem ux, oTOPOCUM

BCJIMYMHBI BBICIICTO ITOPSAJKA MaJIOCTH, 06’L€I[I/IHI/IM O6H_II/I€ YICHBI, ITOJTYYHM:

dx = 1+ Pyax e DX gy YX g,
OX oy oz
dy = Y g @ Pyay + Y g, (4.15)
OX oy 0z
dz :%dx+%dy+(l+%)dz
OX oy oz

OnpenenuM npupalieHue JIMHbI TuHEeHoro nementa MN:
dS? —dS? = (dX*+dY?*+dz?)—(dx* +dy* +dz*)  (4.16)
U3 cucremsl (4.15) noacrasum 3uauenus dX, dY, dZ, npeobpasyem ux u BBeAEM

cieayroonme 0003HaYeHUs
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oUz 1 (8UX)2 (Gijz (GUZJZ
e = += + +
“ o 2|\ oz 0z oz

oUx oUy oUx-oUx oUy-oUy oUz-oUz
= + - + -

(4.17)

e

Yooy ox OX - 0y OX - 0y OX - 0y
oUy o0Uz oUx-oUx oUy-oUy oUz-oUz

e, = + + + +

ooz oy oz-0y oz -0y oz -0y

Xz

oUx oUz oUx-oUx oUy-oUy oUz-0Uz
= + + + +

0z

OX

OX- 07

OX- 02

OX- 02

IToncraBuB u3 cucremsl (4.17) BBeAcHHbIE O0O3HAYCHHUS B YpaBHEHHUE
(4.16), onrpeaenuM IpupaIieHUs JIMHHBI TUHEHHOTO AJIEMEHTA:

dSZ —dS? = 2(e,dx® +e, dy’ +e,dz? +e dx-dy+e,dy-dz+e,dz-dx) (4.18)

B nonydenHoMm ypaBHeHuu (4.18), BBeIeHHbIE 0003HAYCHUS €y, €y, €2 Exy,

€y7, €xz — BBIPAXKCHHBIC UCPE3 IPHUPALICHUA nepeMemeHHﬁ KOMITOHEHThI KOHEUHOM

nedopmanum.

4.3 ®opmyJasl Komm

@®opmynamu  Komm  HazpBaor  auddepeHiuaibible  3aBUCUMOCTH
KOMIIOHEHTOB MAIbIX Oehopmayuii om nepemeuseHuil.

ITpu paccMoTpernn nedopmaruii ynpyroro tena OyaeM IpenonaraTh, 9To
JBIDKEHHE Tejla Kak »>KEeCTKOro IIeJIOT0 HEBO3MOXXHO, B CHIIy YEro TMpu
NepEeMEIEHIH YaCTHII TeJa BOSHUKAIOT ero ehopMaIny.

Bo3bMeMm 3eMeHTapHBI mapasenenunen co cropoHamu dx, dy, dz wu
paccmoTpuM ero nedopmupoBanue npu nepemeiniennn touek UX, Uy, Uz (cm.
puc.4.3).

CrpoermupyeM dJeMEHTapHBIM Tmapaienenunean Ha ImIockocTh XOY.
[Tpssmoyroneauk ABDC sBisieTcss mpoeKiueil 3J1eMeHTapHoro mnapasielienumnena
Ha 1iockocTh XOY no nedopmammu. Yersipexyroabauk Ai;Bi1D1Ci, 310 HUYTO

WHOE Kak ero npoekius Ha mrockocts XOY nocne nedopmarun.
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x+— dy
3 Ux dy ) _ "
1
B,| |B:
A l
i -] 2
2 1
w T e B ] D ¢ —e— l
:"él"é? A F 4 P C: .
SRS sﬁv
) R8s
Y ¥ +
k| 4 ¢ S}
¥ =
0 _OUx -
x| dx | Dx+dxd\_ &
Ux

Pucynox 4.3 — Cxema K onpeeeHII0 MajIbIX Je(GOopMaIini.

I[Ipu »>TOM mpou3onuIo u3MEHEeHHe (OpPMBI U  Pa3MEpoOB  ATOTO
napatenenunen. Orpesku UX u Uy — 3TO KOMIIOHEHTBI BEKTOpa CMEILICHHUS TOYKU
A.

Torna KOMIIOHEHTHI cMelleHus: ToueKk C U B onpenensomuecs: U3 CUCTEMbI
(4.8) nys manbix aedopmariuii.

PaccmoTtpum  aedopmanidio 3TOro 3JIEMEHTAPHOTO Mapajulesienunesa B
mockoctu XOY.

OnpenenuM OTHOCUTEIbHOS MHUHUMAJIbHOE yiunmHeHne pedpa AC, KoTopoe

napayienbHo ocu OX:

_ A1C,—AC
X ac

(4.19)

rae A1C2 — npoekuus A1C1 Ha ock OX.

A1C,

Benuuuna aBisieTcst cosf. T.K. 3HaUeHUE 3TOro KOCHMHyca OJU3Ko K 1,

1C1
TO yrod f ctpemutcs K Hynto. [Ipumem, uro A1C2 = A1Ch.

Torna u3 pucyska 4.3:
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_ (Ux+ﬁdx+dx—Ux)—dx _QUy
Ex = ™ = (4.20)

OnpenenrM OTHOCUTENBHOE YIJIMHEHHE OTpe3ka AB, mapauieabHOro OcH

oY:
A;1B,—AB
Ey = —— 4.21
y 5 (4.21)
A1C;
Bennunna aBiseTcs COSa. T.k. 3HaUeHUe 3TOro KOcuHyca OJn3Ko K 1,

1C1

TO YIoJl 0. cTpeMHuTCs K HyJto. [Ipumem, uto A1B2 = A1B1.

Torna u3 pucynka 4.3:

9Uy _ >_

. (Uy+ 3y dy+dy Uy dy _ aUy

&y = = (4.22)
y dy oy

OmnpenenuMm yrona moBopota pedpa AB okoso Touku A B mockoctr XOY:

tga = 25 (4.23)

B,+Aq

HJIN.
ou ou
Ux+a—yxdy—Ux a—yxdy
tga = =
v, v,
ny+Wdy+dy—Uy Wdy'l‘dy

Torna:

Uy

tga = anyﬂ (4.24)

oy

. OUy
T.x. 1y Maneix gedopmaruii By Ey BemuumHa Manas, mo cpaBHeHHIo 1(oHa

npuMepHo pasHa 0,002), To:

0Uy
tga = a = g (425)

AHAJIOTUYHO MOYKHO OIPEACIUThL yroj moBopora ff peopa AC B IIOCKOCTH

XOY:

p=22 (4.26)

Torma mnosHOEe W3MeHeHuE mpsamoro yria BAC B pesylnbTaTe Malion

nedopmarmm:
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U, au
]/xy=6¥+,8=g+a—xy (427)

PaCCMOTpeB OTHOCHUTCIIBHBIC YJIMHCHHA M CABHUIM B APYI'HX IIIOCKOCTIAIX,
IMOJIYy4YUM I[I/I(b(bepeHHI/IaHI)HBIC 3aBUCUMOCTH MCXKIAY KOMIIOHCHTAMM MaJion

I[e(bOpMaHI/II/I N KOMIIOHCHTaMH HCpCMCHICHI/II\/'II

_ 0Ux __0Uy | 0UyY
gx_ax' ny_ay-l_ax
au au ou > (4 28)
_ 90Uy, _9Uy , 90U, .
€y oy’ Vyz 0z T oy
_ou, _ou, | U,
€z = oz ’ Vax = ox 9z /

Dopmynsl Konmm.

Cuctemy nuddepeHInaabHbpIX 3aBUCUMOCTEH KOMIIOHEHTOB MaJjbIX jaedopmariuii

oT nepemenieHuit (4.28) HazpiBatoT hopmynamu Kowu.
4.4 YpaBHeHus Hepa3pbIBHOCTH Jedopmannid

Kommonents gedopmanmii B ¢opmynax Komm (ypaBuenus (4.28))
onpenensoTcs komrnonentamu nepemeriennit Ux, Uy, Uz. TTloatomy oHU HE MOTYT
OBITh MPOU3BOJBHBIMU U MEXAY HUMHU CYIIECTBYIOT OIPE/ICIICHHbIE 3aBUCUMOCTH.
OTH 3aBUCUMOCTH HA3bIBAIOT ypa@HeHUAmuU (Ycaoeusamu) HepapvuléHOCHU
(coemecmnocmu) oegpopmayuii.

Jiist onipesiesieHnst ypaBHEHUN CBSI3U MEXKY J1e(opManusiMi BOCTIONb3yeMCsI
dbopmynamu Komu (4.28).

[Tponuddepenunpyem yriaoByro aehopMaluio yYyxy Mo X u o Y :

0? 3 o%u 2 2 (éu
Yy _ OU, y 0 (auijra [ yj (4.29)

=~ T avia, T A2 2
OX0y Oy°OXx oOx°oy oy \ ox ox“\ oy
0° 2g 07
T 06 0% (4.30)
oxoy oy OX

Kak BuaHo w3 mnomyyeHHoro cooTtHomeHusi (4.30) nBe JUHEHHbIE
nedopMan B OJTHOM TIJIOCKOCTH BBI3BIBAIOT YIVIOBYIO AchOpMalldi0 B ATOM Ke

IIJTOCKOCTH.
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Ananornyno, npoaudhepeHuuposas y, 10 Y U 1m0 Z, a y,00 Z U 10 X

IIOJIydruM ClI¢ JBa YpPAaBHCHHUA CBA3H. Tenepb MOXCM 3alluCaTb CHUCTCMY

COOTHOIIICHUN B BHUJIE:

oxoy  oy*  ox?

2 2 2
OVe 0% 04} (4.31)
oyoz oz oy

a27/z>< 625y 628

— X

= +
ozox  ox*  o0z% )

PaccmoTpum BiMsiHME YTIOBBIX jAedopManiuii Ha JuHedHble. s npumepa

npoauddepeHipyem &, o Y U Z, MOJTYyYUM BBIPOKECHUE:

2 3 2
d’e, _ oy, :a_(a uxj (4.32)
oyoz  ox oyor  ox |\ oyer

Hanee npousBoaum nauddepeHipoBanmue yrioBeix AedopMaluii mo Z mo y

U 110 X:

07y _ 0%, . o%u,
0z 0yoz  oxoz

2 2
0Fe  OU Ol (433)
oy oxoy  oyoz
oy, 0u, o4,
= +
OX  OX0L  OXxoy

Cno>xuM TiepBBI€ JIBa WieHa CUCTEMBI (4.33) U BBIYTEM U3 CYMMBI TPETUH €e

YJICH, IIOJTyYHUM:

L0y Ore Oy o'y, (4.34)
OX oy oz 0yoz

CpaBuuB Bbipakenus (4.34) u (4.32), MoXeM 3amucaTh CIEIYIOUTYIO

CUCTEMY YPABHECHUU:
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262‘9x :g__ ayyl +672X+87/xy
oyoz Ox| OX oy oz
o o 0
& _0 7/y2_a7/zx+ Ty (4.35)
oxoz oy| ox oy 0z
8282 _ E_a]/yl + a7/z>< _ 6}/Xy
oxoy 0z| ox oy 0z

N3 nonmydeHHBIX cooTHOIICHUH (4.35) MOXXHO, YTO €CIIM €CTh YIJIOBbIC
nedopmar B TPEX KOOPAMHATHBIX TUIOCKOCTSX, TO OHU BBI3BIBAIOT JIMHCHHBIC
nedopMaiiu Bo Bcex TPEX HaMpaBICHUSX.

[Tonyuennsie cuctemsl (4.31) u (4.35) HaswiBatoTcst moocoecmeamu Cen-

Benawna.

4.5 Ten3zopHble XapaKTepUCTUKHU 1e(OPMHUPOBAHHOTO COCTOSTHHUSI TBEPABIX
TeJ.
Tenzop Manbeix aepopManuii MOKHO 3alKCATh MO AHAJOTHH C TEH30pOM
HaIpPSKEHU B BUJIE MATPUIIbL:
1 1
&  —Yxy Esz
_ |ty 1
Te=|-Yyx ¢ Esz (4.36)
1
-Yzx =Yzy ¢
2 2
Tenzop (4.36) sBIgeTCS CHMMETPUYHBIM, B KOTOPOM KOMITOHEHTHI
PACIOJIOKEHHBIE CUMMETPUYHO OTHOCUTEIBHO TJIABHOW JIMAaroHaau PaBHBI MEXITY
coboii. PaBeHCTBO yIJOBBIX jAedopmalvii Ha3bIBACTCS HMPAGULIOM 63AUMHOCIU

CO8U208:
v Xy Y yX

Ve = Vax (437)
Y yz =V zy
Tenzop (4.36) xapaktepuzyer aepopManuio OECKOHEYHO  Majou
OKPECTHOCTH IPOM3BOJIbHOM TOYKM CIUIOIIHOM cpeapl. Jnsd JoCTHXeHus

CUMMETPUYHOCTH TE€H30pa AedopMalvil CABUT B OAHONW KOOPAMHATHON IJIOCKOCTH
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JIEMUTCSI HA JIBE PaBHBIC YACTH HE 3aBUCUMO OT Buja nedopmaruu (T.e. 3TO
NPOCMON UIU YUCMBLIL COBUR).

CaoiicTBa TeH30pa jJehopMaInii:

- KommoHeHTsl TeH30pa nedopmaruii 3aBUCAT OT BBIOOpAa CHCTEMBI
KOOpAUHAT.

- OKCTpeMallbHbl€ 3HAYEHHSI OTHOCHUTENIbHBIX VYIJIMHEHUN Ha3bIBAIOTCS
[JIABHBIMH ~ JUHEHHBIMH  fgedopMmarusiMid W SBISIOTCS  BEJIMYMHAMU
WHBapUaHTHbIMU. B Iuonaakax HMX JOEUCTBHUA OTCYTCTBYIOT CHABUTH. Takue
TJIOMIAKA HA3bIBAIOTCS TJIABHBIMH, a e(hOPMHUPOBAHHOE COCTOSHUE OIMUCHIBACTCS

TEH30POM TJIaBHBIX Je(opMaIuii:

&g 0 0
T =10 & O (4.38)
0 0 &

- I'naBHble nuHEHHBIE nedopManuy SBIAIOTCS KOPHAMHU KyOHWYECKOTro
ypaBHEHUS BUJA!
% — Iirey€® + Lreye — Izire) = 0 (4.39)
rae liry; lae); 13 — nHBapuaHTHI TEH30pa AeopMaLHi.
limy = &x + & + & (4.40)
Loy = exeyt+ eyt er6x — 0,259y — 0,252, — 0,25y%« (4.41)
I3y = exeyer + 0,257y — 0,250%26 — 0,257% ¢, — 0,250%e,  (4.42)
- Tenzop nedopmanuii T, MOXHO pa3noxuth Ha Tg" 1 D,
Ty =D, + T,", (4.43)
rae T;" - apoBo# TEH30p;

D, - neBuarop aedpopmaiuiu.

E&p 0 0
T =10 &, 0], (4.44)
0 0 ¢
1€ Ecp — CpEAHss neopMaLus.
Ecp = % = A, (4.45)

rac A - 00beEMHOE pacmrpeHUC AJI TSI, HAaXOAAIICTOCA B YIIPYTIOM COCTOSITHUH.
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Ecmm TCJIO, HAXOOAIIIECECA B IINIACTHYCCKOM COCTOSAHHUU gcp =A=0 ,y7oraga
D, =T..

- Hanbonpime ciBury, 3710 riaBHble cBUrd. OHM BO3HUKAIOT B ILIOIIAIKAX
NEPIECHINKYJIAPHBIX  OJHOM U3

INIaBHbIX  KOOPJAHWHATHBIX  IIJIOCKO CTed "

cocTapiusiommx yroi 45° ¢ gByms apyruMu. 3HaueHHWs TJIABHBIX CIBUIOB
ornpenaenstorcs GopMyiaMu

Yiz=¢& —& (4.46)

Yoz =& — & (4.47)

Y31 =€ — & (4.48)

CYMMa TJIaBHBIX CABUI'OB:

Y12 + V23 t¥31 =0 (4.49)

4.6 Oxrayapuueckue 1e(popMaUMH U HHTEHCUBHOCTH AedopManuid
B mromankax paBHOHAKJIOHEHHBIX K TJABHBIM OCAM (HUX €Ill€ Ha3bIBAIOT

OKTa3IpPHUCCKUMH WJIH JIEBUATOPHBIMH ILIOMIAKAMH ) BOSHUKAIOT OKTAadJPUUICCKUE
nedhopmariiu.

VYTl HaKI0HA TUX IUIOMIAA0K HAaXoasTCs u3 ypaBHeHui (3.52) u (3.53).

Takux IUIOMIAIOK YEThIPE, C YETHIPbMS WM Mapajlie]IbHBIMH OHH 00pa3yroT
reoMeTpUIecKyto Gurypy - okrasap (puc. 3.7).

Omnpenenum nedopmaiium, 1eUCTBYIOIINE Ha OKTa3APUUECKHUX MIIOMIAIKAX.

Jlunetinas okmasopuueckas oegpopmayusi paBHa cpeHen nepopmanm
JInst ynipyroro coCTOsiHUS

&1+&y +£3
EO == e —

Ep == — = A, (4.50)
rae A — o0beMHOE paclIupeHue sl Tea, HaXOASIIEerocsi B YIIpyroM COCTOSIHUH.
JUISI IITaCTUYECKOTO COCTOSIHMSL:

Gt&tE _ (4.51)
3 :
T.x. €1+r€117€,=0 U3 yCIOBUS MOCTOSHCTBA O0OBEMA.

& = ng ==
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Oxmasopuueckas degpopmayusi co8uea VIA OKTAdIPUIECKUN CIABUT MOXKHO

OMPCACINUTDb U3 TAKOI'O BBIPAKCHUA!

2
Yo = g\/(gl —&)% + (g, — &3)% + (&3 — &) (4.53)
OnpezenuM Jesuatop aedopMariuii:
D, =T, —T" (4.54)

[ToacTraBuB B BelpaxkeHue (4.54) 3HaueHue MapoBOro TEH30pa U3 YpaBHEHUS

(4.44), nonyuum:

1 1
(gx - scp) nyy nyz
1 1
D, = Eyyx (Ey - Ecp) Eyyz (4-55)
1 1
Eyzy Eyzy (gz - gcp)

3anuiieM WHBApUAHTBl JIeBHATOp JAepopMauuid sl YOPYTUX H
IUIACTUYECKUX COCTOSIHUM.
IlepBbIii HTHBAPHAHT:
Lpey = (ex —ecp) + (&) —€p) + (62— €p) = 0 (4.56)
Bropoii nuuBapuaHr:
ey = == [(&x — )2 + (& — £)% + (&, — £)? + = (v, + v, + ¥2)] (4.57)

TpeTuit ”HBapHUaHT:

I3(D£) = Exgygz + % (yxyyyzyzx - gxngz - gyyzzx - gzyygy) (458)
Hnumencusrnocmoio depopmayuii Ha3bIBAETCS BEITUYMHA, POTIOPIIMOHATBHAS
KBaJIpaTHOMY KOpPHIO W3 BTOPOTO WHBapuaHTa JeBHaTopa JaeopMariui.
NuTeHcuBHOCTh  JUHEWHBIX — nedopmanuii  (mpuBeneHHass — aedopmarius)

OIIPENEIAETCS U3 YPaBHEHUS:

& = ElIZ(Ds)|=i3 |12(Ds)| (4.59)

HHaTeHcuBHOCTE YIJIOBBIX I[e(bopMaHI/Iﬁ (I[e(i)OpMaI_[I/I}I CI[BI/IFa), paBHa:

[ToncraBum B ypaBHenue (4.59) 3HaueHHe BTOPOro MHBAapHAHTa JIEBHATOPA

nedopmariuii u3 ypaBHeHUs (4.57) MOIydrM BBIpAXKEHUE IS ONPEICTICHUS:
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NG 3
g = ?\/(Sx — ey)z + (&, — &)+ (g, — €)% + p (}/,?y + v t+ Yzzx) (4.61)

OnpenenuM BeTWYNHY & Uepe3 TIIaBHBIC TUHEHHBIC nedopmaruu

& = g\/(% —&)%+ (2 —&3)% + (&3 — )2 (4.62)
Jlns mnactudeckoil neopMaluy, ¢ y4eToM YCIOBHUs MOCTOSHCTBA 00beMa
(HECKMMAEMOCTH), MOYKEM 3aIHCaTh.
6 = ot (4.63)
Torna ypaBHeHHe, ONpeeNsioniee MHTEHCHMBHOCTh ae(OopMaIiui CJBUTA,

IPpUMET BU.

= \/s,% + &gy t &5 + i (vVéy +viz t V&) (4.64)

3anumieM  4YacTHble  ciy4au — ypaBHeHus  (4.64). Jlng  miiockoro
ne(hOpMUPOBAHHOTO COCTOSIHUS MBI Oy/IEM UMETh:
Ex = &y, &==P:=0 (4.65)
Torna nocne moacraHoBKU B ypaBHeHHE (4.64) 3HaU€HUN U3 ypaBHEHUS
(4.65) mosydMM YacTO MCHOJB3YyEMOE TIpU pEUIeHUH 337a4 BbIPAKEHHUE

OIIPpCACTIAIOIICC NHTCHCUBHOCTD ,Z[C(bOpMaI_[HH CcABUTIA.

['=.4eZ =y (4.66)

Jlmg aucroro capura:

ex=ey=6=0, =y w=yu=0 (4.67)
[Tocne moacraHoBku B ypaBHeHue (4.64) 3nadenuit u3 ypaHenus (4.67)
HOJTYYHM:
& = % (4.68)

CpaBuuB BeIpakeHus (4.66) u (4.68) MOXHO caenath BBIBOA O TOM, YTO
WHTEHCUBHOCTh YIJIOBBIX JedopManuii CIABHTa COBMAJaeT C BEIMYUHON
HauOOJIbIIEH YTII0BOU AedhOopMaIiy Py YUCTOM CJIBUTE:

=y (4.69)
Heo0xoauMo OTMETUTh, YTO MHTCHCUBHOCTD JIMHEHHBIX AedopmMariuii (&) u

WHTEHCUBHOCTH Aedopmannu cipura (1) SBISIOTCS CKaNSIpHBIME BETHUYNHAMH.
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4.7 YcaoBue HeCKUMAeMOCTH (YCJI0BHE MOCTOSIHCTBA 00beM)

VYcnoBue Hec:KUMaeMOCTH (YCJIOBUE MOCTOSHCTBA O0OBEM) COCTOUT B TOM,
9T0 00BEM TeNa A0 TUIACTHYEeCKOW aedopmammu paBeH €ro o0beMy Tocie
MJIACTHYECKOU eopmartuu.

OnpenenuM yclioBUE€ HW3MEHEHHST oOBeMa JUisl Tella, KOTOPOE WMEET
OeckoHeuHo Maibie pasmepsl dx, dy, dz. Ero oobemM n0 nedopmaruu onpenessieM
o ¢popmyie:

dV = dxxdyxdz (4.70)

[locne nedopmainuu MPOU3ONULIO HM3MEHEHHUE BEJIUYMHBI  JIMHEWHBIX
AJIEMEHTOB, TOTIa 00BeM Tena Tmochie AchOpMAIMH MOXHO OIPEACIUTh 10
bopmyie:

dV/ = d/xxdyxd’z (4.71)

Wnm B pazBepuyToM Buzie hopmyna (4.71) npuHUMAaET BU:

dV/ = (1+e)dxx(1+¢)dyx(1+e)dz  (4.72)

OTHOCHUTENIbHOE U3MEHEHHE 00beMa MOKHO ONPEACIUTh 10 (hopMyJie:

_av/-av _av/-av
av av

A

—1 (473)

[ToncraBuB B ypaBHenue (4.73) 3naueHust u3 ypaBHeHuit (4.70) u (4.72),
MOJTY4YHM:
A= (L+e)x(1+ey)x(1+e)dz -1 (4.74)
Packpoum ckoOku u mpeoOpazyem ypaBHenue (4.74). IlpeneOperas
BEJIMYMHAMU BBICIIIETO IMOPSAAKAa MAjOCTH, TOJYYHM YpaBHEHHE, KOTOPOE MOMKET

OITMCHIBATH 0OBEMHOE pacmnpeHueC TCjia, HaXOAAICTOoCsa B YIIPYIOM COCTOAHUU:

A = gxteyte; (4.75)
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HeoOxomumo cka3aTh, 4TO B JAHHOM Cilydae OOBEMHOE pacIIMpEHHUE s
TeNa, HaXOSIIErocs B YyNpyrom coctosHuu (A) OyneTr cou3sMepuMo C €ro
nehopMaruamu ¢ (Ipy 3HAYCHUSIX UHTCHCUBHOCTH nedopmannu &<<0,2%)

CootHomienue (4.75) — 3TO YCIOBHE usMeHeHUue o0Ovema npu Ynpyeotl
oeghopmayuu.

[Ipu mnnactudeckoil aedopmanviv, BBI3BAHHOW HAMNPSHKEHUSIMH  05>0,
u3MeHeHne o0bemMa OECKOHEYHO Majo MO CPaBHEHHIO C pa3MepamMH Tejla U €ro
nepopmanusamu (1.e. A—0). Takum obOpazom, aehopMUPYEMYIO Cpely B JaHHOM
cllydyae MOXHO CUduTaTh Heckumaemou. Torma BelpaxeHue (4.75) MOXKHO
nepenucaTh B BUJIE:

exteyte; =0 (4.76)
CootHotieHue (4.76) — 3TO YCIOBUE HECHCUMAEMOCMU UTU VCII08UE NOCMOSHCMBA
0bvema, BRIpAKEHHOE B IehopMaIiisiXx.

Ycaosue Hecxkumaemoctu (V= CONSt) mokas3pIBaeT, YTO 0OHEM Tella OCTACTCS
MTOCTOSTHHBIM B TIPOIIECCE IIACTHICCKOMN aedhopMaIiii U UCKII0YaeT BO3MOKHOCTh

IMOABJICHHUC PA3PBIBOB M HAPYHICHU A CINIOIIHOCTH.

4.8 Jlorapugmuveckue negopmManum U CMelleHHbIH 00beM
[Ipu ananuze MabIX YHOPYTOINIACTUYECKUX AehopMalidii KOJIMYECTBEHHOU
OLIEHKOM jaedopmanuil sBisercs nokazamenv Kowwu wnmm omuocumenvHas

JIUHeUHas: 0egopmayusi.

=2 (477)
lo

riae Al — mpuparnieHre IIMHBI THHSHHOTO JIeMEHTA
lo — mepBoHauaNbHAS JJTMHA JTMHEHHOTO AJIEMEHTA

K Hemocrarkam mnokasarens Komm MOXHO OTHECTH TO, YTO OH
HEJOCTATOYHO TOYHO OTPA’KAET CMBICI KOHEUHBIX (TUIACTHYECKHX) JedopMmanui,

T.K. HC 06J1az[aeT CBOMCTBOM AJIUTUBHOCTH — T.C. 3HA4YCHHC BCJIMYHNHBI

71



nedopmarii, COOTBETCTBYIOIICH IeIoMy OOBEMy HE PaBHO CyMME 3HAUYCHUU
BEJIMYMH, COOTBETCTBYIOIIMX €r0 OTACIbHBIM YaCTSIM.
[Ipu omnpeneneHny KOHEYHBIX JAchopMalliii KOJWYECTBEHHOM OILICHKOMN

ABIIAETCS hokazamenwy I'enku unv nozapughmuuecxkan depopmayus.

) (@8

e Ly — JUIMHA JTMHEHHOTO pasMepa mocie nedopManuu

Lg

§=1In(:2
Lu
L,, — niuvHa THHEHHOTOo pa3Mepa 10 aedopmaliuu.

J1st 3TOTO paccMoTpuM AehopMaIHio apaJljIe/ICUIEeaa CO CTOPOHAMMU:
Xy, Yo, Z,, — no neopmarum.

X

g Yg, Z 4 — 1mociie neopmanuu.

9’4y
N3 ycnoBus mocTosHCTBa 00beMa MpU IUIACTUYECKOM aedopmaruu (cMm.
ypaBHeHue 4.76) cienyer, uto:
XuYuZy = X;Y,Z, (4.79)
[IpeoOpazyeM qaHHOE ypaBHEHUE B OTHOIIICHUE:
Xg¥9Zg _
XuYuZu

1 (4.80)
[Tocne ero norapuMuUpoBaHUS MOTYUUM:

N2+ 2+ n2e=0...(481)
Xy Y, Z

X
Ecnu mb1 0603HaUMM lnX—g = §,, TO MOJTYYUM:
u

6, +6,+6,=0 (4.82)
DTO ewle 0/iHa 3aUCh YCIOBUS HEC)KMMAEMOCTH MaTepuaia (cM. ypaBHeHue 4.76).
B nannom ciyuae yepes jorapudmudeckue aedhopmaliuu.
CnenoBaTenbHO, MOXKHO CKa3aTb, 4TO Jiorapudmuueckas aedopmanus 310
MHTErpaj OECKOHEYHO MAajoro MNpUpalieHus JAHHOrO pa3Mepa Tejaa WIH €ro
3JIEMEHTA, OTHECEHHOT'O K €r0 BEJIMUMHE B KaXKIbIH JaHHBII MOMEHT eopMalnu.

Y10 MOXKHO 3amucaTh CAEAYIOMUM 00pa3oMm:

@:f@ﬁ=mﬂf=b%i (4.83)

Xu X

N3 cka3aHHOTO MOXHO CJIelaTh BBIBOJIBI, YTO MPHU MJIACTUIECKON nedopmaruu:
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- AnreOpandeckas cymMMa JOrapu(pMHUUECKUX WJIM HMCTUHHBIX CTENEHEH
nedopManuu 1o 3-M B3aMMHO MapajiedbHbIM HampasieHusiM = 0. (ycioBue
HEC)KMMAEMOCTH)

- Opna w3 norapudmuueckux creneHed nedopmanuii MMeEeT 3Hak,
IPOTUBOMNOJIOKHBINA 2-M JPYTUM, a IO a0COIIOTHOM BETMYMHE PaBHA UX CyMME.

OnpenenuM  CBA3b  MEXKJY  OTHOCUTENIBHBIMM  JIMHEMHBIMH U

Jorapupmuueckumu aedopmanusiMu. OTHOCUTETBHBIC JIMHEHHBIE Aedopmaimu

MOJKHO OIIPCACINUTD U3 CICAYIOIINX COOTHOIIICHUI:

_ Xg~%u _ Ax, _ Ay, _ Az

& = Xux, _xu’ y_Y_u’ Z_Zu (484)

YcTaHOBUM  CBSA3b MCXKAY OTHOCUTCIbHBIMHU U HOF&pHCI)MPI‘-I@CKI/IMI/I

nedopmarsamMu:

Xu+Ax

X
5, = lnX—g= In

u u

=In(1+ f{—z) =In(l+e¢,) (4.85)
[TonyueHHOE BBIpa)KEHHE PA3I0KUM B CTEIICHHOU PSII;
So=ln(l+e) =g —2+2 %4 .. (486)
Tak kak €, < 1, TO psa CXOIAIIMUICS.
Torga B BeipaxkeHuu (4.86) oTOpoCUM Bce WIEHBI, KpOME MEPBOT0O MOPAIKA
MaJjOCTH, TOJYYUM, UTO:
Oy = & (4.87)
MOHO OTMETHTD, UTO MIPH MANIbIX CTeneHsX aedopmanuii (korma € < 0,1)
pa3HUIIA MEXAY OTHOCUTEIbHBIMU M JorapudMuyecKuMu AehopMalsiMu He
npeBsbImaet 5%.
Paccmotpum nionsitue emeuternnstii 00vem. J1jisi 3T0ro yMHOKHUM BCE YJICHBI
BoIpakeHus (4.82) u (4.76) na o6bem nedopmupyemoro tena. [lomyunm:
Vé,+V8,+Vs, =0 (4.88)
Ve, + Ve, + Ve, =0 (4.89)
O603HaunM «V X0» uepes V.

BBenennoe oOo3naueHue V¢ SBISETCS CMELICHHBIM OOBEMOM, TOTHA MBI

MOXEM 3amucaTth BeIpakeHue (4.88) B clieiyrolieM BUJIE:
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Vex+ Vey+ Vez=0 (490)
Takum 006pa3om, moaydeHa erie o/IHa 3aMicCh YCIOBHUS MMOCTOSTHCTBA 00beMa,
KOoTOpoe (hopMYyJIUpyeTCs CIASAYIOIIUM 00pa3oM: CYyMMA CMEUeHHbIX 00beKmos no

mpem 63aUMHO NaApale/lIbHbIM HANPABIEHUAM DABHA H)JI0.

4.9 Ckopoctu gedopmannii ¥ TUHUN TOKA
B nporecce medopmaruu pacCTOSTHUS MEXAy TOYKaMH IePOpMUPYEMOTo
TeJa MOCTOSTHHO M3MeHstoTca. CkopocTh nedopmanuu TeM OoJibliie, 4eM ObIcTpee
U3MCHSIOTCS JIaHHBIE PACCTOSHUS MEXIy TOYKaMH JaeGopMupyeMoro Tena.
CKOpoCTH  TIEpEeMENICHHMS TOYEK SBISIOTCS  HEMPEPBIBHBIMA  (YHKIIUSIMH
KOOpJIMHAThl BpeMeHu. OrmnpeaenuM KOMIOHEHTBbl JIMHEHHBIX  CKOpPOCTEH

IIEPEMEILICHHS TOYEK B JEKAPTOBOM CUCTEME KOOPAMHAT YPABHEHUSAMMU:

il’x = ¢X(x'y'zl t)
u, = @, (x,y,2,1) (4.91)
U, = ¢@,(x,y,2,t)
B Teopum ManbIx  yOpyromiacTH4ecKux — aedopMmamnmii  CKOPOCTH

NEPEMEIICHHUS] TOYEK ONPENEISAI0TCS Yepe3 NpHUpalIeHUs MEepeMElIEHUuN I10

BPEMEHU:
. ou,y
L. =
X ot
u
g Yy
u, = — 4.92
. ouy,
u =
z ot

Ckopoctu nedopManuii o KakMM-IM00 KOOpAMHATaM OINPEAEIISAIOTCS Yepes3

CKOPOCTH MEPEMEIIICHUS ITUX TOUEK:

_ 0Uyx | . QU | 0UyY
€x = ox '’ Vay = dy ox
. ou au au
g, = =2, Yoy = =2 4 Xz > (4.93)
ady 0z ay
_ou, . ou, | oUy
€2 = 5,7 Vox = 50 T 5,/

VYuuteiBas ypaBHeHue (4.92) dopmynst (4.93) MOXHO mepenucatb B

CJICaAyroaieM BHUAC:
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_ 08 o 0¥xy

€x = ¢ ) Yxy = 75,
E, = %y, Vyg = Oyz ¢ (4.94)
y at ’ yz at
_ 0&; . _ OVxz
€ = 507 Yzx = 5,

CrnenoBaTelbHO, MOKHO CKa3aTh, YTO KOMIIOHEHTBI CKOPOCTH JAepopMaliuu
paBHBI IPOU3BOAHBIM  CKOPOCTEM IEPEMEIICHHM II0  COOTBETCTBYIOLIEH
koopauHare (4.93) uiaM NpPOU3BOJIHBIM KOMIOHEHT JedopMmanuil 1Mo BpeMEeHH
(4.94).

KommoneHnTsl ckopocreit  nedopmaruii, Takke KaK W KOMIIOHEHTHI

I[G(l)OpMaHI/If/'I MOJKHO 3aIliCaTh B BUJC TCH30pPaA:

) 1. 1.
&y E7XY §7xz
1. ) 1.
Tg' = Eyvx &y Eyvz
1. 1.
Eyzx nyv &;

YpaBHeHue 111 ONpeeTeHUs TJIaBHBIX CKOPOCTEH JIMHEHHBIX aedhopMaiuii
(OTHOCHUTEINIBHBIX YJIMHECHUI) UMEET BU/I:
-3

.2 . _
-l ,xg+1,, xe—-1,, =0,

rne |,,l,.,1,, - ”HBapuaHTHl TeH30pa KOMIIOHEHT CKOpOCTeil nedopmaruu (cM.

1le? "2¢7 " 3¢
VHBApUAHTHI T.

VYcaoBue mocTosHCTBA 00bEMa MpU  IJIACTHYECKON  Aedopmanuu
BBIPAKAETCSA YPABHEHUEM:

e +ée,+¢,=0

nJIIn
ou, +8uY +auz 0
ox oy oz

3anuchiBaeTcsa kak, diva

i = 0, Ha3pIBaeTCS TUBEPreHIIME BEKTOPHOTO MOJIS.

JIBI>KEHME CIUIONIHON Cpejibl B OOIIEM BUE OMUCHIBACTCS JIUHUAMU MOKA.
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JIvHuM TOKA, 3TO KPUBBIE JIMHUH B KaXKJA0M TOUKE KOTOPOU KACATEIbHBIE B KaXKIbII
MOMEHT BPEMEHHU COBIIQJAIOT C HAIMPABIECHUEM IOJHOTO BEKTOpPa CKOPOCTh

MCPCMCIICHUA.

Ecan nmpooecc  CTaMOHApCH, TO OTH KPHUBLIC JIMHHUU  ABJIAIOTCSA

TPACKTOPHUAMU OBUIKCHUAI.
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5 IPEJAEJIBHBIE HAITPA)KEHHBIE COCTOAHUA

Kputepuii, KOTOpBIi  ONpeneNseT  yCIOBUS, HEOOXOAMMBIE IS
BO3HMKHOBEHHUS IUIACTUYHOM JedopMaliil TpH  CIOXHOM  HampsHKEHHOM
COCTOSIHUU HAa3bIBACTCS YC/I06UEM NIAACIMUYHOCHU.

Tak kak HanpspKEHHOE COCTOSIHME TEJla HAXOASIIETOCsS B IUIACTHUYECKOM
COCTOSIHUM ONKCHIBaeTCS JeBHATOpoM HampsokeHwid (3.14), To kpurepuem
nepexofa €ro M3 yIpyroro COCTOSIHMS B IUIACTHUYECKOE COCTOSIHUE JIOJIKHBI
ABJIATBCSl XaPAKTEPUCTUKH JIEBHATOpa HaNpspKEeHU. MaTemaTH4ecKoe OIKCaHue
(du3nUecKoro mporecca Mnepexojia U3 ynpyroro COCTOSIHUSI B IUIACTUYECKOE HE
JOJKHO OBITh CBA3aHO C BBIOOPOM CUCTEMBI KOOpauHAT. Cle0BaTeNbHO, T0JIKHO
ONpENENATCS HWHBApUAaHTAMU JIeBHATOpa HaNpsokeHud. TakuM HWHBapUaHTOM
SBJIIETCS BTOPOMl HMHBApUAHT JEBHATOpPAa HAINpPsHDKEHUH (B TJVIABHBIX OCSX, 3TO
dopmymna (3.16)):

IZ(TG) = (Gx - O_cp)(o-y - Jcp) + (O-y - O-cp)(o-z - Jcp) + (0, — O-Cp)(o-x - O_cp) -

_TJ%y - szzz - Tzzx (5-1)

5.1 YcaoBue miaactuunoctu I'ydbepa-Mmu3zeca

OngHuM U3 yCIOBH, fBISIETCS ycloBUE IutacTMUHOCTH ['yOepa-Museca,
KOTOpOE OMpeJesieTCsl Yepe3 BTOPOM MHBApHAHT JieBHaTopa Hampspkenwit (5.1).
OHo (dopmynupyercs cleayromuM o0pa3oM: «Irdasi 3JeMEHTapHas YacTula
METaJUIMYECKOr0 Tejla MEPEXOJNUT U3 YIPYroro COCTOSHUSA B IJIACTUYECKOE, B TOT
MOMEHT, KOTJa HWHTEHCUBHOCTb HANpPsHDKEHUH JOCTHraeT BEIUYMHBI, PAaBHOMN
HaIpsHDKEHUI0  TEKYYeCTM TMpPU  OJHOOCHOM  IUIACTUYECKOM  HANPSKEHHOM
COCTOSIHHH, COOTBETCTBYIOILIEM TEMIIEPaTypPHO-CKOPOCTHBIM YCIIOBHSIM
nehopMUPOBAHUS U CTENIEHU AehopMaIim.

MareMatnueckoe BBIpaXEHUE YCIOBHS IacTudHocTu ['ybepa-Mwuseca

3aIUCBIBACTCS CIACIYIOIIUM 00pa3oM uepe3 HHTEHCHBHOCTD Hanpshkenuit (3.20):

0; = %\/(Ux - Oy)z + (o - Uz)z + (0, —0)* + 6 x (v} + 1% + 13,) = 0r (5.2)
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Bripasum ycnoBue minactuuHoctH ['ybepa-Mwuseca depe3 MHTEHCHUBHOCTD

KacaTebHBIX Hanpspkenni (3.19):

T= \/ig\/(ax - ay)z + (o, — O'Z)Z + (0, —0)* + 6 x (13, + 1%, + 1%,) = 0, (5.3)

T.K. MHTEHCUBHOCTb KacaTeJIbHbBIX HaHpH}KeHI/IfI CBs3aHa C MHTCHCHBHOCTD

HaIpsSKEHUM BBIPAXKEHUEM BUAA:

gj
T=2 (5.4)
To MBI MOXEM 3alucarsb, 4To:
1
T = ﬁ O; (55)

HNannas BemumuuHa (popmyna (5.5)) obOo3znauaercsa uepe3d «K», KoTopas
Ha3bIBAETCS HOCMOAHHOU NAACMUYHOCINU.

K = 0,5756, — no ycinouto miactuunoctu ['ydbepa-Museca.

5.2 YeaoBue miaactnuHoctu Tpecka-Cen-Benana-JleBu

[IpeAnochbUIKOM ATOr0 yCIOBUA SBISETCS MOSBICHUE JIMHUN CKOJIBKEHUS HA
MOBEPXHOCTU ITUIACTHYECKU AePOpPMHUPYEMOTO Tena, T.K. JIMHUM CKOJIbKEHUS —
TPAEKTOPUU MaKCUMAJIbHBIX IJIaBHBIX KaCcaTEJIbHBIX HAIPSKEHUM.

Ycenoue  mmactuyHocTM — Tpecka-Cen-Benana-JleBu wmm ycnoBue
MaKCUMAaJIbHBIX TJIABHBIX KACATEJIbHBIX HAMPSKEHUH POPMYIUPYETCs CIEAYIOIUM
oOpazoMm: «miactuueckas Jaedopmanusi MOSBIAsSETCS B TOT MOMEHT, KOTJa
HauOoOJIbIIIeE M3MEHEHWE TJIABHBIX KacaTeNbHBIX HAMPSHKEHUH  JTOCTHraeT
HEKOTOPOM BETMYHMHBI 3aBUCSIICH OT CBONCTB Je(hOPMHUPYEMOTO MaTepHaia.

MaremMatnyeckoe  BBIP@KEHHME  JIaHHOTO  YCIOBHUSI  IUIACTUYHOCTH
3aIUCHIBAETCS B BUJIE:

Tmax = T13 = £0,5(01 — (53) =T (56)
IZi€ Ts — MPEeJeN TEKYUECTH MaTepualia Ha C/IBUT.
IIpenen TekyuyecTH Marepuana Ha CABUI MOYKHO OINPEIENHTh Yepe3 Mpeaen

TEKy4eCTH MaTepHuaa:

5= 0,507 (5.7)
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HNannas BenmumumHa (popmyma (5.7)) taxxke oOo3HauaeTcss depe3 «K» u
HA3bIBACTCSI HOCMOAHHOU NAACHUYHOCHU.

K = 0,56, - no ycnouto Tpecka - CeH-Benana-JIeru

5.3 JHepreTuyeckKoe ycJI0BUE IJIACTUYHOCTH

DHEpPreTUUeckoe YCJIOBHE TUIACTUYHOCTH (POPMYJIHMPYETCS CIEeAYIOUUM
oOpa3zoMm: «mepexon naepopMHUpPyeMOro Teida B IJIACTHYECKOE COCTOSIHHE
MIPOUCXOJUT HE3aBUCUMO OT XapaKTepa HAINpPsSKEHHOTO COCTOSIHUS B TOT MOMEHT,
KOT/Ia TOTCHIMAIbHAST JHEprus (HOPMOU3MEHEHHUs, OTHECEHHAs K CAUHUIIC
00b€Ma, JOCTUTHET HEKOTOPOH BEIMYMHBI, 3aBUCAILICH TOJBKO OT MEXaHMYECKUX
CBOMCTB Je(hOpMHUPYEMOTO TEIIay.

[Tepenumiem ycioBue miaactuuyHoctu ['ydbepa Muszeca dopmyna (5.2) yepe3

I'IaBHBIC HAIIPAXKCHUA:

6i == \(G -0 + (0, — ) + (0 — 02 =0, (58)

Bripaxkenue (5.8) Bo3BeneM B KBaJpaT U MOJIYUUM:

(01— 0,)% 4+ (0, — 03)* + (03 — 01)* = 20f  (5.9)
OnpenenuM MOJIHYIO MOTEHIIUATBHYIO YHEPTUIO YIIPYToil nedopmarnuu:
Ar=Act Ay (5.10)
rae A, - MOTEeHIIMaIbHAs YHEPTUS U3MEHEHUsT 00BEMA.
A - TOTEeHLIMAIbHAs SHEPTUS U3MEHEHUS (DOPMBI.

Kak wu3BecTHO W3 Teopuu yNpYrocTH, yJelibHas MOTEHIMaIbHAas SHEPrus
nedopmariu, T.e. DHEpPrusi, OTHECEHHAs K eJUHUIlE 00bEéMa, paBHA IOJIOBUHE
CKJISIPHOTO MPOW3BEICHUS TEH30pa HAIIPSHKEHU Ha TEH30p AehopMaliuid.

IlepeMHOXXHM TEH30p HaIpsDKEHUM B TWaBHBIX ocax (3.12) u TeH3op
nedopMaiuii B TiIaBHBIX ocsx (4.38), Moaydu clieyrollee BhIpakeHHE:

A, = 0,5(0181 + 626y + 0383) (511)
CormacHo 0000menHOMy 3akoHa ['yka CBsI3b Mexnay aepopManusiMu |

HapsOKCHUSAMA UMECT BU:
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& = %[01 — (o, +05)]
&2 = % [0 —v(0o3 + 01)] L (5.12)
&3 = [0 — V(o1 + 03)])

N3 nomyyennoit cucrembl (5.12) moAaCcTaBUM  3HAUEHUS  TJIABHBIX
nedopmanmii B hopmyiy (5.11), momyaum:

1
An= —Ao1[oy = v(0z + 03) + 03[0, — V(03 + 0y) + 03[03 — V(01 + 03)} (5.13)

[IpeobpazoBaB (opmyny (5.13) momydum BBIpaXEHUE IS ONPEACICHUS
MOJIHOM NOTEHIIMAJILHON YHEPTUU YIIPYrou AedopMaIiiu:

A= =[(6f + 0% + 0%) — 2v(0,0, + 0,05 + 0307)] (5.14)

1
2E

Jliist onipesenienus ynpyroit nedopmaiuu u3aMeHeHHs: o0beMa MePEMHOKUM
napoBbsie  TeH30pbl HamnpspkeHud (dopmyna (3.13)) u gedopmanmit (popmyna

(4.44)). Ilonyunm:
A= %(acpscp + Opéep + acpscp) = %O-Cpgcp (5.15)

Bwmecrto cpennero HampsikeHust U cpenHen negopmaruu B hopmyiy (5.15)
nojactaBuM ux 3HadeHust u3 dopmyn (3.18) u (4.45). CnoxuB npaBbie U JIEBbIC
gactu cuctemsl (5.12), momyunm:

Eep= 3_1]3{[01 —v(0; + 03) + [0, —v(03 + 07) + [03 — V(01 + 03)} (5.16)

[IpeoOpazoBas BeipaxeHnue (5.16), momyunm:

Ecp= é [0, +0, +03 —2v(0oy + 0y + 03)] (5.17)
N3 dopmyner (5.17) mnonydeHHoe 3HayueHuUe cpefaHed aedopmanuu,
MOJICTaBUB B BhIpakeHue (5.15), mpuBeneM K BUY:
A= 6_1E [(0, +0, +03)%—2v(0y + 0, + 03)%] (5.18)
N3 dhopmysl (5.10) BeipazuM NOTEHIMATbHAS SHEPTUS U3MEHEHUS (POPMBI:
Ap=An-A, (5.19)
[loncraBum B Hee moiydeHHble 3HaueHuss u3 (opmyn (5.14) u (5.18), Torma

BbIpakeHue (5.19) nocie npeodbpa3zoBaHUil NPUMET BUI:

[(o) — 02)2 + (0, — 03)2 + (03 — 01)2] (5.20)

1+v

A=
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CpaBuuB mnonydeHnyo ¢opmyiny (5.20) ¢ dopmynoit (5.9), moxkem
nepenucath popmyiy (5.20) B ciaenyromnem BUIE:

Ay= %ZUTZ = const (5.21)

Ha ocHoBanum momyudeHHOW Qopmynsl (5.21) sHepreTHdeckoe yCIOBHUE
TUTACTUYHOCTH MOXXHO C(HOPMYITUPOBATh CIEAYIONMM 00pa3oM: «KOJIUYECTBO
yIETBHOW TOTEHIIMAILHON SHEPruM ympyrou aedopmanuu (HOpMbl dJIEMEHTa
METAJUIMYECKOTO Tela, MPHU €ro IUIACTUYEeCKON nedopMaruu, SBISETCS, IS
JTAHHBIX YCJIOBUH nedopMuUpoBaHus (CTETIEHH, CKOPOCTH, TEMIIEPaTyphl),

BEJIMUYNHOM HOCTOHHHOﬁ, HE3aBUCHUMOM OT CXEMBI Hal'[pﬂ)KéHHOI‘O COCTOSAHUA».

5.4 Teopuu npovYHOCTH

5.4.1. Ocnoenvie nonamus o npedeibHOM COCIOAHUU

Teopuu MPOYHOCTH UCTIOIB3YIOTCS JIJISl OLIEHKH MMPOYHOCTH KOHCTPYKITUH B
cllydae TUIOCKOTO H OOBEMHOrO HAamNpsHKEHHOTO cocTosHus. HampsokerHoe
COCTOSIHME TeJIa B OOIIEM CiIydae OIMMCHIBAETCS TeH30poM HampspkeHui (3.11) B
KOTOPOM IIIECTh HE3aBUCUMBIX BEJIIMYHH.

[Tox mpenenpHBIM OMTACHBIM COCTOSTHEM TIOHUMAETCSI TAKOE COCTOSIHUE, TIPH
KOTOPOM MPOUCXOJAUT KAYECTBEHHOE U3MEHEHHE CBOIMCTB MaTepuaia, T.e. epexos
OT OJHOTO MEXaHHYECKOTO COCTOSHUS K Apyromy. JlJIs MIIaCTUYHBIX MaTepUajioB
MPEACTbHBIM  CYMTACTCS  HANpPSDKEHHOE  COCTOSIHME,  COOTBETCTBYIOIICE
BO3HUKHOBEHHIO 3aMETHBIX OCTATOYHBIX JAeopMaIluii, a IyIsl XpyIKOro Marepralia
— Takoe MpU KOTOPOM HAYMHAETCSA paspymieHue. T.K. MpenenbHOe COCTOSIHHE
MaTepuanga SBISETCS HENONMYCTHMBIMH, TO TP pacueTax Ha MPOYHOCTh
UCIIOJIB3YIOT TOHATHE JOIMYCKaeMOE COCTOSIHHE, OHO COOTBETCTBYET HArpyske,
MOJIy9aeMOM TyTEM JICJICHUSI Harpy3KH, BBI3BIBAIOIICH MpEIeIbHOE COCTOSHUE Ha
KOA(pQUITUEHT 3amaca MOpOoYHOCTH. Ecim B JBYX HANpPsDKEHHBIX COCTOSTHUSX
KOX(pUITMEHTHl 3amaca MPOYHOCTH DPABHBI, TO TaKUE COCTOSHUS HA3bl6AIOMICA

PABHOONRACHbBIMU .
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JIns  cpaBHEHMSI paA3JIMYHBIX HANPSHKEHHBIX COCTOSHUM 3a  3TaJIOH
(3KBUBAJIEHT) MPUHUMAIOT TMPOCTOE pacTsKeHHe (CKaTue) ¢ TIJIaBHBIM
HaNpsHKCHUEM, KOTOPOE HAa3bIBACTCS HSKBHBAJICHTHBIM HAIMPSDKCHUEM  (Oos).
IKeusanenmuoe HanpaiceHue, TO TAKOE HANIPSHKEHUE, KOTOPOE CIEAYET CO3/1aTh
B pacTsHYTOM o0pasiie, YTOObI €r0 HAMPSXKEHHOE COCTOSIHUE OBLIIO PAHOOIACHBIM
3aJIaHHOMY HANPS>KEHHOMY COCTOSIHUIO.

Ecnu BMecTo 1IecTM KOMIIOHEHTOB — HANPSHKEHUM — paccMaTpUBaTh
HKBUBAJICHTHBIC UM TPU TJIaBHBIX HANPSIKEHUS M HAWUTH TaKkylo MX KOMOMHAIIMIO,
KOTOpasi ObuTa OB PABHOONIACHOW JTUHEHHOMY HAIPSHKEHHOMY COCTOSIHHIO, TO TPH
IJIaBHBIX HOPMAJbHBIX HAMPSOKEHUST MOXKHO 3aMEHUTh JKBUBAJICHTHBIM UM

HaIpPsHKEHUEM U YXKE €r0 CPaBHUBATH PABHOOMACHBIM, CM. PUCYHOK 5.1.

3t FaMEHUME Lpabrume
g f O b [O-:l umt Oppog
o, —4— e
Pucynok 5.1 — Cxema mnpuBeneHHs HANpPSHKEHHOTO COCTOSHUS K
9KBHUBAJICHTHOMY.

PacueTrsl Ha TPOYHOCTH OTHENBHBIX CTEPXKHEH, OAJIOK M KOHCTPYKIIHM,
PacCMOTPEHHBIE B MPEABIAYIINX pa3/iesiax Kypca, OCHOBAHbI HAa OLIEHKE ITPOYHOCTH
Matepuana B omacHod touke. Ilpu Takux pacyerax HamOOJbIIME HOPMAJIbHBIE,
KacaTeJIbHbIE WJIM SKBHBAJICHTHBIE HANpsyKeHHWd (B 3aBUCHUMOCTH OT BHJA
HaIpPsHKEHHOTO COCTOSIHUS U MPUHATON TEOPUU MPOYHOCTH) B OMIACHOM CEUYEHUHU U
B OIIACHOM TOYKE CPaBHMBAIOTCA C JOINYCKac€MbIM HampspkeHueM. Ecmm
HauOOJIbIINE PacueTHbIC HAMIPSDKEHUS HE MTPEBBILIAIOT JOMyCKaeMble HAMPSKEHMUS,
TO CUWTAETCS, YTO HAJJIEKANIMH 3armac NPOYHOCTH KOHCTPYKLUHHM OTUM
obecnieunBaercsa. Takoil cmoco0 pacueTa Ha MPOYHOCTh HA3BIBAIOT paAcuemom no

00nycr<aeMth HANPAICCHUAM.
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[Ipu pacuere mo JOIMyCKaeMbIM HAIPSKEHUSAM OMACHBIM, WJIN MPEIEIbHBIM,
COCTOSIHUEM KOHCTPYKIIMM CUHUTAETCA TAaKOE€ €€ COCTOSIHHE, NOpPU KOTOPOM
HauOoJbIIICe HAIpPSDKEHHE XOTsA Obl B OJHOM TOYKE MaTepHaia KOHCTPYKIIUU
JIOCTUTAET OINACHOM BEJIWYMHBI — TpeAena TeKydyecTd (sl IUJIAaCTUYHOTO
Marepuajia) WIM BPEMEHHOIO CONPOTHBJICHUS (U1 XPYHKOro MaTepuala).
CocTosiHuEe BCeM OCTAIbHOM MAacChl MaTepraia BO BHUMAHUE HE IPUHUMAETCS.

Mexy TeM, Ipu HEPABHOMEPHOM pACHPE/ICTICHUH HANIPSIKEHUN (Harpumep,
npu u3rube, KPYYyeHHH) B CTAaTUYECKH HEONPEACIUMBIX KOHCTPYKITHSX,
M3TOTOBJIEHHBIX M3 IUIACTUYHBIX MATEPUAIIOB, MOSBJICHUE MECTHBIX HaIPSKEHUM,
PaBHBIX MpEAeTy TEKy4eCTH, B OOJIBIIMHCTBE CIy4aeB HE SBISETCS OMACHBIM IS
BCE KOHCTpyKIUH. [IpakTMka MOKa3bIBa€T, 4YTO IPHU IIOABJICHUUA MECTHBIX
MJIacTUYeCKuX  JaedopManmii  KOHCTPYKIHUS €€  MOXET  YIOBJIETBOPSTH
MPEABABIIEMBbIM K HEHl TPEOOBAHUSIM U VIS TIEpexXoa €€ B IMPeAeIbHOE COCTOSIHUE
TpeOyeTcss  JalbHeWImee Bo3pacTaHue Harpy3ku. Takum  oOpa3oMm, B
JEUCTBUTEILHOCTH KOHCTPYKLHMS O00JajaeT 3amacoM MPOYHOCTU OOJIBIIUM, YEM
IIPU pacyeTe MO JOIYCKAEMbIM HAIPSIAKCHUSM.

B cBA3uW ¢ 3TMUM HEAOCTAaTKOM METOJA pacyeTra Ha IMPOYHOCTH IO
JIOITyCKaeMbIM HAIPSDKEHUSIM BO3HHUKIIA HEOOXOAMMOCTH B HOBOM IIOJXOJIE K
OIIEHKE TMPOYHOCTH KOHCTPYKIUM. Db MNpemsiokeH .memoo pacuema
KOHCMPYKYUIL NO NPEOeTbHOMY COCHOAHUID.

Iloo npedenvnvim cocmosanuem KOHCMPYKYUU TIOHUMAIOT TaKoe €€
COCTOSIHUE, TIPU KOTOPOM OHA TEPSET CHOCOOHOCTH COMPOTHUBISATHCS BHEIIHUM
BO3/ICHCTBUSM 15810 nepecTaeT YAOBJIIETBOPSIThH MPEIBABISIEMbIM
AKCIUTYaTallHOHHBIM TPEOOBAHUSIM.

IIoo npedenvHbIM ONACHBIM HARPANHCEHHBIM COCHIOAHUEM TIOHUMACTCS
TaKOE€, MPU KOTOPOM MPOUCXOJIUT KAYECTBEHHOE U3MEHEHHNE CBOVMCTB Marepuasa -
MepexXo OT OJJHOTO MEXAHUYECKOTO COCTOSIHUS K IPYTOMY.

JInsi  cpaBHEHUs pPa3IMYHBIX HANPSHKEHHBIX COCTOSIHUA 32 3TajOH

(3KBHUBAJIEHT) MPUHITO MPOCTOE PACTSKEHUE (CKATHE) C TJIaBHBIM HAIPSKEHHEM

G3KB .
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Kak Obut0 OTMEUEHO paHee SKBUBAJICHTHOE HAIPSIKEHHUE Ose. - ITO TaKOE
HanpspKeHUe, KOTOpOe CleAyeT cO3/aTh B pacTIHyTOM oOpasle, 4YToObl €ro
HANpsDKEHHOE  COCTOSIHME ObUIO  PaBHOONACHO  3aJaHHOMY  HalpsKEHHOMY

COCTOAHHIO. Torna YCJIOBUC IPOYHOCTH 3aIIMCHIBACTCS B BUIC.

Oox<[0] 5.22

5.4.2. OcHnoeHble meopuu npouHOCHIU

Teopun TPOYHOCTH TMPEACTABISAIOT COOOW THUIOTE3bl O KPUTEPHSX,
ONPEAEISIONMX YCIOBHS MEPEX0/1a MaTepraia B PEAEIbHOE COCTOSIHUE.

IlepBasi Teopusi MPOYHOCTH.

B mnepBoil TeopuM NOPOYHOCTHM 3a KPUTEpPUM IMepexoaa marepuana B
IPENEIbHOE COCTOSIHUE MPUHUMAECTCS HAubo1buiee HOPMANbHOE HANPAdCEHUE.
CoryiacHO 3TOW TEOpUH, OMACHOE COCTOSTHUE HACTYIAeT TOTJa, KOrjaa Kakoe-anbo
U3 [JIaBHBIX HANPSHKEHUM JOCTUTaeT OMACHOrO 3HAY€HUs. B COOTBETCTBHM C 3TUM
MpU pacueTrax Ha MPOYHOCTh OTPAHUUMUBACTCA BEJIMYMHA HAWMOOJIBIIMX TJIABHBIX
HaIpsDKEHUM, KOTOpass HE JOJDKHA TMPEBBINIATH JOMYCKAEMOT0 HOPMAalIbHOTO
HanpsokeHus [o].

VY ciioBue NPpOYHOCTH UMEET BU/L:
o' s<[0] 5.23
rae ', = |o1], ecmu |o1> [o3]

0'e = |o3|, ecu o3> [01]

Bropasi Teopusi npo4HOCTH
Bo BTOpo#i TeopuM NPOYHOCTH 3a KPUTEPUN NPUHUMAETCS HAUDONbULAA
oegpopmayun. CornacHo 3TOM TEOPUHU OMACHOE COCTOSTHUE Marepuajia HACTylaeT
TOTJIa, KOT/1a TUHEHHBIC ehopMaIiii JOCTUTAIOT HEKOTOPOTO OMACHOTO 3HAYCHHUSI.
JI71s1 IIaCTUYHOTO Marepurala yCIOBUE MPOUYHOCTU UMEET BUJL:
|£max|S[£] 5.24
rae [¢] = [o]/E.

Ecnu, Hanpumep:
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|emax| = €1 = (L/E)( 61— v(62 +063))  5.25,

TO 11O BTOPOW TEOPUHU IPOYHOCTH

ol =o,-v(e, +0;)<[o] 5.26.

JIns XpynKoro Marepuasia yCcJIOBHE IPOYHOCTU UMEET BUJL!
emax <[&p] = [op)/E 5.27,
€min <[&c] = [o.J/E 5.28.

IlepBas Teopust maeT yAOBIETBOPUTEIBHOE COBIIAJCHHE C OIBITHBIMU
JAHHBIMU TOJIBKO UL XPYRKUX mMamepuanoé. Bropas IpakTUYECKU B HACTOsALLEE
BpEMsI HE IPUMEHAETCS.

Tperbst TeOpUA NPOYHOCTH

B Tperpeil Teopuum MPOYHOCTU KpPUTEPUEM NPUHUMACTCS Hauboabuiee
kacamenvHoe Hanpsdcenue. (COINIACHO JTOW TEOPUM ONACHOE COCTOSHUE
HACTYIIAeT, €CJIM HauOOJbIINE KacaTeJIbHbIE HAIpPSDKEHUS JOCTUTAIOT ONAacHOI0
3HA4YCHUS.

YcnoBrue MpOYHOCTH UMEET BUI:

Tmax - 0-120-3 S[T]’
)-12]
rIe 2
Otkyna o =0,-0;<[o]

YerBeprasi TeOPUS NPOYHOCTH
YeTBepTas Teopusi MPOUYHOCTH - SHEPTETUUECKasl, TPEACTABIsIET COOOM TUIOTE3Y O

TOM, 4YTO HpH‘-IHHOﬁ BO3HHMKHOBCHHS OIIACHOI'O COCTOAHHUA ABJIACTCA BCIMYMHA

Y/IeTbHO TIOTEHINANBHON YHEPrUM M3MeHeHus (GOpMBI "¢, TO €CTh KPUTEPHil —
yJeJbHas MOTEHIMAIbHAS YHEPTHUS U3BMEHEHUS (POPMBI.

dopMyity yIeabHOW MOTEHIIMATBHOW SHEPTUU WU3MEHEHHUsS (OPMBI TMOTYyUYUM U3
dbopMyNibl TIOJIHOW YyAEJIBbHOM TMOTEHIHATIbHOM »dHepruu aedopmanuu (3.5),
nojicTaBiisis 3HaueHue koddunuenta [lyaccona pasaoro v=0,5.

[Tonyuum
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" _1+v
* 3E

YcioBue IMPOYHOCTHU UMCCT BUJ
Uy, < l“qu,
rac

b= o1

Otkyna

w _ [ 2 2 2
O e —\/0'1 +0,+0; —0,0,—-0,0; 0,03 S[0']

TpeTbst 1 yeTBepTas TEOPUU MPOYHOCTH JAIOT YJIOBJIETBOPUTEIHLHOE COBIAJCHHUE

PE3YIBTATOB TCOPCTHYCCKOI'O pacdCTa C OIIBITHBIMHU NAHHBIMHU JIA NAACMUYHBIX

Mamepuanos U MHAPOKO NTPUMEHSIOTCS IIPU pacyeTax Ha MPOYHOCTh. JJId XpynKux

MaTCpUaJIOB 3THU TCOPHUU HC IIPUMCHUMbI
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